Lecture notes on MTH352: Differential Geometry 
[image: ]


MTH352: Differential Geometry
Module Handbook
Credit Hours: 3(3,0)

For

Master of Mathematics

By


Dr. SOHAIL IQBAL
Assistant Professor
Department of Mathematics, 
CIIT Islamabad, Pakistan.


The following lecture notes are designed for the course of  
MTH-352
Differential Geometry
The notes are not intended to be an independent script and are designed to go together with the videos and the recommended book.
[bookmark: _GoBack]






















Chapter 1

Calculus On Euclidean Space





Lecture # 1


[image: File:Scuola di atene 07.jpg]History
From the very beginning of the evolution human beings started observing geometry of objects around. 
[image: File:Archimedes lever (Small).jpg]The first written work is by Euclid. He compiled of his and others work into volume form known as Euclid's Elements. His work is one of the most influential works in the history of mathematics. The “Elements” have been serving as the main textbook for teaching geometry from the 300 B.C. until the 20th century. For his contributions he is often referred as “Father of geometry”. 
[image: Taqi al-Din's observatory]The next name we came across in the history of geometry is Archimedes.  He understood the geometry of different objects about him, for example, he calculated the area and volumes of different objects, and the techniques were later formulated in calculus. He understood geometry to such an extent that once he said give me a place to stand on and I will move the Earth. 
[image: http://hotmath.com/images/gt/lessons/genericalg1/quadratic_inequality_1.gif]The next major development in geometry was done in  Muslim Era.  The need to predict the phases of the Moon for Ramadan and other religious festivals led to great steps forward in geometry of celestial objects (astronomy). 
Introduction of “Cartesian coordinates” marked a new stage for geometry, since geometric figures, could now be represented analytically, that is, with functions and equations. It is said that Cartesian coordinates were invented by René Descartes and  Pierre de Fermat independently.  In Cartesian coordinates we can associate a point in plane with an ordered pair. In a coordinate plane we can associate a curve starting from an equation. Hence the Cartesian coordinates built a bridge between algebra and geometry. The following example reminds us the procedure.
Example: Graph of equation  in Euclidean plane. We can sketch the graph by first finding the images of different values of  under the equation . Then we can sketch the ordered pair in Cartesian plane to get the graph of the equation .
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[image: http://www1.arielnet.com/wizard/manual/coord_planes.jpg]On the same lines we can have Cartesian coordinates in three dimensional space. On the same lines we can associate a point in space with an ordered triple. Using these coordinates we can associate curves and surfaces in space with an equation.

[image: http://www.wavemetrics.com/products/igorpro/creatinggraphs/3dandvolume/surfacepix/wireframe1.jpg][image: http://www.egwald.ca/geometry/images/helix.php?a=2&b=1.5&c=0.1]







There is a particular emphasis on surfaces in geometry. Mainly because there are many examples of surfaces around us, for example, surface of earth and the geometry of space due to some heavy object. 


Aim of the course:
In this course we are mainly interested in doing calculus on surfaces. For this we aim at doing the followings.
· Review of differential calculus.
· Develop tools to study curves and surfaces in space.
· Proper definition of surface. How to do calculus on surface.
·  A detailed study of geometry of surface.
Let us start the course with some review of basics.

Some definitions
Set
A set S is a collection of objects that are called the elements of S.
Example1: S = {1,2,3,4,…} is a set of natural numbers.
Example2: S = { x : x is an integer ^ x is divisible by 2} = Set of even integers.
Subset
A set A is a subset of S provided each element of A is also an element of S.
Example1: A = {1,2,3} is a subset of S = {1,2,3,4,…}.
Example2: A = { x : x is an integer ^ x is divisible by 2 } is a subset of integers.
Function
A function from set  to set , written as , is a rule that assigns each element element of  to a unique element of  
[image: ][image: ]


Example1: Let 
Domain
 is called domain of .
Range
 is called range of .
Image
For  is called image of  under  . In above example . Image of the function  is the set . In above example image of  is .
Example: , Image of .
Composite Function
Let  and  such that g then .
Example: , , then 
.
One-to-one
,  ).
[image: ]Example: , for .
[image: ]




Example: .

[image: ]Onto functions
A function , is onto if .
Example: , for 
Inverse
is one-to-one and onto, then  has inverse  such that where .
Or 
 is inverse of  if .
Example: , has inverse .

[image: http://2.bp.blogspot.com/-3YEdwR84GI8/T91ToRkeJeI/AAAAAAAABIM/fAh7BdjF2Gg/s1600/p59.png]Euclidean 3-Space
Euclidean 3-space  is the set of all ordered triples of real numbers. Such a triple  is called a point of  
For  ,  then  

For , and  a scalar then

 is a vector space .
The point  is called the origin of .



Review of Fields and vector spaces
Field
A Field is a set  such that for any  in  the following holds:
· Closure of  under addition and multiplication:
, and 
· Associativity of addition and multiplication:
 and  
· Commutativity  of addition and multiplication:
and  
· Existence of additive and multiplicative identity elements:
, 
· Existence of additive inverses and multiplicative inverses:
, 
for , there exists an element , such that 
· Distributivity of multiplication over addition:

Example: Set of real numbers and set of rational numbers are examples of field.
Vector Space
A vector space over a field is a set   such that: for any  and , the following hold.
	· Closed under addition and scalar multiplication
	 , 

	· Associativity of addition
	

	· Commutativity of addition
	

	· Identity element of addition
	 such that 

	· Inverse elements of addition
	For every  there exist   such that 

	· Distributivity of scalar multiplication with respect to vector addition  
	

	· Distributivity of scalar multiplication with respect to field addition
	

	· Compatibility of scalar multiplication with field multiplication
	

	· Identity element of scalar multiplication
	, where  is  the multiplicative identity in .


Example: The Euclidean 3-space  is a vector space.
Coordinate functions
Let , and  be real-valued functions on  such the for each point  we have

We can use


Differentiable OR  functions
A real-valued function  on  is differentiable (or infinitely differentiable, or smooth, or of class ) provided all partial derivatives of  of all orders, exist and are continuous.
Example: Consider a function , defined as . Is  a smooth function?
Solution: Since  is a polynomial function, hence  is differentiable. Now the first partial derivatives of  are :

Which are continuous. Now the second partial derivatives are:

Which are continuous again. Similarly we can see that all the partial derivatives of  are continuous so  is a smooth function. 
Arithmetic of differentiable functions
Differentiable real-valued functions  and  may be added and multiplied in the following way
· ,
· 


Q1(a) (Exercise 1.1):
If  and  then find .
Solution: Here  represents the point wise multiplication. So 

Chain rule
If g is differentiable at x and f is differentiable at g(x) then the composition  is differentiable at x. Moreover, if 
[image: ]

[image: ]Then  and 


[image: ]Alternatively

Derivative of outside function

Derivative of inside function



Example: 
Find  if . 
Solution: Let 

Then 

Now


And

So by using chain ruleRates of change multiply





Q1(d) (Exercise 1.1):
Find   where .
Solution: Using chain rule





[image: ]



Lecture # 2


The lecture contents
· Vectors in 
· Tangent vectors
· Vector field 
· Natural frame field on 
· Differentiable vector fields
· Some questions from Exercise 1.2
Vectors in 
[image: http://www.euclideanspace.com/maths/algebra/vectors/vecGeometry/vectorGeom1.png]Intuitively a vector in  is an oriented line segment or “arrow”. Vectors are used to describe vector quantities such as force, velocities, angular momenta etc. 




For practical purposes there is a problem with this definition and needs to be improved. According to above definition two translated vectors are same, but in real life two vectors can have different effect if there initial points are different (see picture below). So we need to incorporate the initial point in the definition of vector. 
[image: ][image: ]





To define a vector  precisely we mention the starting point of the vector as well. 
Definition: A vector in  is , where  is initial point of vector .
Strictly speaking  is a point in .
Tangent vectors
[image: ]Definition: A tangent vector  to  consists of two points of ; its vector part  and its point of application .

A tangent vector  is drawn as an arrow from the point  to the point .

[image: ]
Example: If , and  then the tangent vector

Starts in  and ends in .
[image: ]
Equality of tangent vectors
· Two tangent vectors  and  are parallel if and only in .
· Two tangent vectors  and  are equal if and only in  and .
· [image: ] and  are different tangent vectors if . 
Definition: Let  be a point of . The set  consisting of all tangent vectors that have  as point of application is called the tangent space of  at .
Note: Each point of  has its own tangent space. They are all different from each other.

Here we give a recall of the method of parallelogram law, scalar multiple of a vector,  linear transformation, and isomorphism of vector spaces. 
· Given two vectors  and  in  we add them by parallelogram law. 
· [image: ]Let  be scalar, then for vector ,  stretches or shrinks  by the factor , and reverse the direction if . 
[image: http://www.vias.org/calculus/img/10_vectors-39.gif]



For  then we can define:

And for any scalar  we define

Fact :  is vector space under the above addition and scalar multiplication.
Linear Transformation:  A linear transformation  from a vector space  to vector space  is a function that satisfy the following conditions:  for any vectors  and any scalar  


Isomorphism: Two vector spaces  and  are isomorphic if there exist a bijective linear transformation between them  A bijective linear transformation  is also called an isomorphism.
Fact:  is isomorphic to .  The isomorphism  between them such that for 
Using above definition we can conclude that the map  defined as

is an isomorphism. 
Vector field
[image: http://www.wired.com/images_blogs/wiredscience/2008/11/page-0-blog-entry-81-3.jpeg][image: ][image: https://encrypted-tbn3.gstatic.com/images?q=tbn:ANd9GcTuWiYkc6a80TGkh_4kkBRUzG6qOqOCOSb3rmkU_7YIXdDmUb1I]There are many examples of vector field around us, for example, the gravitational field etc. In such vector fields each point of the domain space represents a vector, for example, in case of gravitation vector field each point of the space represents a vector, directed towards the center of the earth and the magnitude representing the amount of force with which earth attracts the object towards itself. As the force of attraction of earth reduced as the object moves away from the center of earth so there will be vectors of different length in the gravitational vector field.    



Hence we define a vector field as.
Definition: A vector field  on  is a function that assigns to each point  of  a tangent vector  to  at .

[image: http://1.bp.blogspot.com/-EWbzAdZ88nM/UP68qwSl2wI/AAAAAAAADVc/eGUREDpGu2o/s1600/Campo+Magnetico+vetorial+3D.gif][image: http://edwardwechner.files.wordpress.com/2012/09/3d-vector-field-chart.png]




Since a vector field is a function so we can add two vector fields just like we add functions. So if  and  are two vector fields on  then 

For any real-valued function  we define

Natural frame field on 
To investigate vector fields on  we introduce a set of basic vector fields on .
[image: ]Definition: Let  be the vector fields on  such that 



For each point of . We call  -collectively-the natural frame field on .
The following result shows how to factorize given vector field into combination of natural frame:
Lemma: If  is a vector field on , there are three uniquely determined real-valued functions,  on  such that 

[image: ][image: ]The functions  are called the Euclidean coordinate functions of .

[image: ]




Differentiable vector field
Definition: A vector field  is differentiable if each of its three Euclidean coordinate function  is differentiable function (smooth, of class ).
We always assume vector fields are differentiable. So from now on vector field means
differentiable vector field


End of the lecture
[image: http://static.guim.co.uk/sys-images/Guardian/About/General/2012/7/16/1342467800147/student-in-lecture-theatr-008.jpg]






Lecture # 3

[image: http://ars.els-cdn.com/content/image/1-s2.0-S016786550800216X-gr2.jpg]
Contents: 
· Directional derivatives
· How to differentiate composite functions (Chain rule)
· How to compute directional derivatives more efficiently
· The main properties of directional derivatives
· Operation of a vector field
· Basic properties of operations of vector fields
The main of the lecture is to discuss directional derivative of real-valued functions on . Recall that a real-valued function on , written as , has domain  and range . Graph of such a function is a surface, for example, the graph in the following is a graph of a real-valued function on .
[image: http://www.unf.edu/~ddreibel/research/z3-src2.jpg]






[image: ]To define directional derivative we first need the following.
Associated with each tangent vector  to  is the straight line

The line is parallel to vector  and passes through point . 

Definition: Let  be a differentiable real-valued function on , and let  be a tangent vector to . Then the number  

[image: ]Is called the derivative of with respect to .
From the picture shows the geometrically interpretation of the directional derivative. The surface is the graph of the function . The directional derivative of  corresponding to the tangent vector is calculated in the following mannar:
· First calculate the line corresponding to the tangent vector .
· The line corresponds to a curve on the surface. 
· The directional derivative  is then the derivative of the curve at point .
Here the derivative of the curve means the same thing as we did in calculus of one variable (In fact the green curve in above graph is contained in a plane which is not shown in the graph).
The following are worth noting:
· The number  is called the derivative of with respect to 
· We also say that  is a directional derivative.
· The directional derivative  informs us about the change in the value of  as we move away from  in the direction .
Example: Compute  for the function , with  and .
Solution: First we compute the line defined by  and 

Now evaluating  along the line.

Now

Now applying definition of we get 
[image: ]
For next discussion we need to recall the following.

The following results can be used to calculate directional derivatives more efficiently.
Lemma: If  is a tangent vector to , then 

Proof: Let ; then 

Now 

Since 

By using chain rule, we get

The same example as before:
Example: Compute  for the function , with  and .
Solution: We know that 
If  is a tangent vector to , then 

So we calculate 

Thus at point 

So 

Theorem: Let  and  be functions on ,  and  tangent vectors,  and  numbers. Then
1)- .
2)- 
3)- 
[image: ]Proof (3):









Operation of a vector field
Operation of a vector field on a function  is defined as follows:
Definition: Let  be a vector field, and let be a function. Then  be the function defined by
, 
So  is a function which to each point  in  gives us the derivative of  with respect to the tangent vector .
Example: For the natural fame field  we get


Lemma: If  is a tangent vector to , then 

So we get 

Basic properties of operations of vector fields
Corollary: Let  and  be vector fields on  and  and  are real-valued function, then
	(1)- 
	(2)- 
	(3)- 
Proof (2): 
For the proof we need to recall the following: 
1)- .
2)- 
3)- 




[image: ]


[image: ]Proof (3): 


Example: Let  be a vector field  and let be the function . Calculate .
Solution: 

Using the following two properties:
1)- 
2)- 
We get 




 			                            .


[image: http://static.guim.co.uk/sys-images/Guardian/About/General/2012/7/16/1342467800147/student-in-lecture-theatr-008.jpg]End of the lecture



Lecture # 4 

Contents:
· Curves in 
· Velocity Vectors
· Reparametrization of Curves in 
· Derivative with respect to Velocity
· Properties of Curves
· Conclusion
 Curves in 
Open intervals in 
An open interval in  is a set  of real numbers of one of the four forms 
· 
· 
· 
· 
Where  and  are real numbers.
[image: ]






[image: ]What is a curve in space intuitively?
The path followed by the bird in  gives a trajectory in space. 
Let for time  the bird is located at
,
in  for .
This path together with some extra conditions gives us a curve. 
In rigorous terms:
 is a function from  to , 
where  is an open interval. Thus we 
write 

The real-valued functions , , and  are called Euclidean coordinate functions.
Differentiable functions: We define the function  to be differentiable provided its coordinate functions , , and  are differentiable. 
Definition:  A curve in  is a differentiable function  from an open interval  to .
[image: ]Example 1: Straight line
A line through point  and in the direction  is a curve 

defined as 

 



[image: ]
Circle:
The curve  travels around a circle of radius a > 0 in the -plane of .

[image: ]
Helix:
If we allow this curve to rise (or fall) at a constant rate, we obtain a helix 

defined as

where .


Example: The curve  defined by

[image: http://upload.wikimedia.org/wikipedia/commons/0/05/Viviani_curve.png]is a curve. The green line in the figure shows the curve. 









[image: ]Example:
The curve  defined as

is shown in the picture.





[image: ]

Example:
The curve  defined by

is shown in the figure.
This particular curve is called 3-curve.


Velocity vector
Definition: Let  be a curve in  with . For each number  in , the velocity vector of  at  is the tangent vector 

at the point  in .
Example: Let  is defined by

[image: ][image: ]



Geometric interpretation: 
[image: ] 


[image: ]








[image: ]


[image: ]


[image: ]
[image: ]
Q1 (Exercise 1.4): Compute the velocity vector of the curve in Example 4.2(3) for arbitrary  and for , ,  visualizing these on figure 1.8. 
[image: ]Solution: Here  
	.
Now  by definition
	  
which in this case is
	 
Now  at 
	.
and hence 
	 .
Now at  
	.
and hence 
	 .
Now at 
	
and hence 
	 .
Reparametrization of Curves in 
Definition: Let  be a curve. If  is a differentiable function on an open interval , then the composite function 
			 
Is a curve called a reparametrization of  by .
[image: ][image: ]



Example: Let the curve  is defined as 

If  be the function given as , where . Then the reparametrization is 

[image: ]

Lemma: If  is the reparametrization of  by , then 

Proof: If , then 

Now 

By applying chain rule on , for  we get

Which yields

		             
		             .

[image: http://upload.wikimedia.org/wikipedia/commons/0/05/Viviani_curve.png]Q3 (Exercise 1.4): Find the coordinate function of the curve , where  is the curve in example 4.2(3) and  on .
Solution: The curve  from  4.2(3) is given by:




Lemma: Let  be a curve in  and let  be a differentiable function on . Then

Proof: 
[image: ]In this case

So 

But by chain rule.

Properties of Curves
One-to-one curves: The function  is one-to one  if 

If  is one-to-one then the curve does not intersect itself, or  stay in the same point without moving on, or repeat itself over after some time.
[image: https://encrypted-tbn2.gstatic.com/images?q=tbn:ANd9GcTcJYHRla2_cfY-vCMQXM_lcYAXbKAC6zmAm2qfQ8NlcjE_w0iO]Periodic curves:
A curve  is called periodic if there is a positive number  such that 

[image: https://encrypted-tbn2.gstatic.com/images?q=tbn:ANd9GcTJSkz5yPB3KpNTvuHT_PQEb6CypRTjD4vmPED1LZZskfYqmBNwag]The smallest such number  is the period of .


Regular curves: A curve  is called regular if 
[image: ]
Example: The curve  given as  is not regular.
 
End of the lecture

Lecture # 5

[image: ]
Contents:
· -forms
· Differentials 
· Properties of differentials 

Classical differentials:
If  is a real-valued function on  , then in elementary calculus the differential of  is usually defined as 

 here calculates the small change in the value of  when there is small change  in ,  and .
What does  means? 
We will see the meaning of this expression using the notion of -forms.
Definition: 
A form  on  is a real-valued function on the set of all tangent vectors to  such that  is linear at each point, that is,

For any numbers ,  and tangent vectors   at the same point of .
Sometimes we write  instead of  for tangent vector to  at .

Fact:
For fix point p in  the resulting fucntion   is linear. 
Sum of two -forms: 
Let  and  be two forms then their sum is defined as:

for all tangent vectors .
Product of a -form with a function 
Let  be a real valued function and  be a one form. Then for any tangent vector  to  we define:

Evaluating a -form on a vector form
Let   be a vector field, then for any point  ,  is a tangent vector to  at point .
So we can  evaluate a -form   on a vector field  in the following way
At each point  the value of  is the number .



Differentiable -form
A -form  is differentiable if  is differentiable whenever  is differentiable then  is differentiable . 
Properties of 
The linearity of  and vector field properties imply that:

and

Where  and  are functions from  to .

Definition: 
If  is a differentiable real-valued function on , the differential of  is the
-form such that 

For all tangent vectors .

The -form  satisfies all the conditions of -form:
·  maps every tangent vector to a real number.
·  is linear because of the properties of directional derivative.

Fact: 
For any real-valued function  on  the differential of  knows directional derivative of  in every direction .
Let us consider some examples of -forms on 
Example 1 ( Differential of Natural coordinate functions )
Natural coordinate functions: Natural coordinate functions  and   are  functions from  to  are defined as:



Now we calculate differentials of these natural coordinate functions. Using definition of  we get, for any tangent vector :

Where  is Kronecker delta defined as:

Thus  only depends on   and not on the point of application .
Example 2 (Linear combination of -forms)
Let , ,  be three functions. Let 

Then  is a -form, and for any vector  we have



Next: we show that in fact each -form can be written in the form of  above.
Euclidean coordinate functions of a -form
Lemma: If  is a -form on  , then , where . 
These functions , , and  are called the Euclidean coordinate functions of 
Proof:
[image: ]






The classical differentials:
Corollary: Let  be a differentiable function. Then 

[image: ]Proof: 





Product rule:
Lemma: Let  be the product of differentiable functions  and  on . Then 

Proof:
[image: ]





Chain rule:
Lemma: Let  and  be differentiable functions, so the composite function  is also differentiable. Then 

Proof: We know that chain rule for  is

[image: ]Now
[image: ]


Example: Calculate , where .
Solution:


Now we evaluate  on the tangent vector  where   and 







End of the lecture
[image: http://4.bp.blogspot.com/_HS60iew8MH4/TIc5QINiwLI/AAAAAAAABYU/miP3AQ4uS9A/s1600/end+of+lecture.jpg]




Lecture # 6 


[image: https://www.me.bme.hu/~karolyi/advect.jpg]Contents
· Differential Forms
· -forms
· Exterior derivatives
· Conclusion

Differential Forms
· forms (we discussed in last lecture) are part of a larger system called differential forms.
· Will discuss some properties of differential forms rather than full description.
To construct a differential form we follow the following procedure:
· Take real-valued functions 
· Take  differential -forms of the coordinate functions .
· Take sum and product of above.
Examples:  
1)- 
2)- 
3)-  .

· The multiplication of forms  is not the usual multiplication and is not commutative. In fact 

called the alternation rule.
This is a special kind of multiplication called “Wedge product”, we denote it by   (called wedge). Hence the above expression becomes:

Other properties of wedge product are as follows. For differential forms ,  and  we have:
1) 
2) 
We will ignore the  sign where ever it is clear that what kind of multiplication we are considering.
An important consequence of the wedge product is that “repeats are zero”, due to “alternation rule”. Which means 

Similarly 
 and .
In fact 

Similarly we can show 
 and .

Exercise: Calculate .
-forms: A -form, for    one of  , is defined as:
1) A -form is just a differentiable function .
2) A -form is an expression  .
3) A -form is an expression  
       (or simply ) .  
4) A -form is an expression ( or simply ).
Notice that on  , where we have three coordinates namely  the -forms and higher -forms are zero due to the “alternation rule”. For instance 


“Product of a -form and a -form is a -form”.
Lemma: If  and  are 1-forms, then 

Proof:  Write 

and 

[image: ]Then



[image: ]




[image: ]




Exterior derivative
Recall: 
Definition: 
If  is a differentiable real-valued function on , the differential of  is the -form such that 

For all tangent vectors .
We can generalize this concept to define an apply it on a -form and get a -form.
For example for  we define
Definition: If is a 1-form  on , the exterior derivative of  is the 2-form .
We know that:
Corollary: Let  be a differentiable function. Then 

So if we expand  using above then using:



 using above then using:




[image: ]



[image: ]


Definition: Let  be a 2-form. Then the exterior derivative of  is the 3-form 


It is easy to check the following

Where  and  are arbitrary forms and a and b are numbers.
Theorem: Let  and  be functions,  and  be 1-forms. Then
1) 
2) 
3) 
Proof (1): 
[image: ]




Proof (3):
 Lets first consider the case where
 and then:
[image: ]

[image: ]and

[image: ]and




Lets first consider now

and 

[image: ]







End of the lecture

Lecture # 7
[image: ]
Contents:
· Introduction to Mappings
· Tangent Maps



Introduction to Mappings 
Our aim:
To understand the mappings 

for different values of  and .
In particular we are interested in the following cases
 , , 

Definition: Given a function , let  denote the real-valued functions on  such that

for all points  in  .
These function are called the Euclidean coordinate functions of , and we write .


Mappings: A function  is differentiable if all its Euclidean coordinate functions are differentiable. A differentiable function from  to is called a mapping.
Example: Consider  defined by

is  differentiable and hence a mapping.

Definition: If  is a curve in  and  is a mapping then the composite function  is a curve in  called the image of  under .
[image: ]




Example: Consider the mapping  define by:

To see the effect of this mapping we consider images of a special curve  in  under this mapping, namely circle of radius r, given as
 where  
[image: ]




Example: Consider the mapping  such that 

Observe that  is a linear transformation.
Tangent Maps
Our next goal is to find analogous linear approximation for the mapping        near a point . 
For this we once again used special curves in , namely lines associated to tangent vectors . We approximate  near  by the map .
[image: ]





Definition: Let be a mapping. If  is a tangent vector to  at  let  be the initial velocity vector of the curve . The resulting function  sends tangent vectors to  to tangent vectors to , and is called the tangent map of .

How to calculate tangent maps:
Proposition: Let  be a mapping from  to  If  is a tangent vector to  at , then 
 at 
See book for proof.

Tangent map of a mapping at a point 
The tangent map  sends  tangent vectors at  to tangent vectors at . Thus for each  in , the map  give rise to a function 

[image: http://people.hofstra.edu/stefan_waner/diff_geom/pics/TangentSpace.gif]Called the tangent map of  at . 

Tangent maps at a point are linear 
An important property of tangent maps which is a consequence of proposition is:
Corollary: If  is a mapping, then at each point  of  the tangent map  is a linear transformation. 
See book for proof. 

The velocity of an image curve
Another important consequence of the proposition is that mappings preserved velocities.
Corollary: Let  be a mapping. If  is the image of a curve  in , then . 
[image: ]Proof: We take 

By proposition above we have: 
[image: ]
we have 
[image: ]

Tangent maps on vector fields
Let   and   be the natural frame fields of  and   respectively. Then:
Corollary: If  is a mapping from  to , then

for .
See book for proof.

The matrix appearing in the preceding formula,

Is called the Jacobian matrix of  at point . 
[image: ]In expanded form it is given as:






We study mappings  using the tangent map. 
Definition: A mapping  is regular provided that at every point  of  the tangent map  is one-to-one. 
For  the following are equivalent:
·  is one-to-one
·  implies 
· The rank of the Jacobian matrix of  at  is .
Diffeomorphism
Definition: if  has an inverse mapping, then  is called diffeomorphism.
Inverse function theorem.
Theorem: Let  be a mapping. If  is one-to-one at , then there is a restriction of  to an open set containing  which is a diffeomorphism.
End of the Lecture





Chapter 2
Lecture #8


Contents:
· The Dot Product 
· Frames

The Dot Product 

We study distances and angles in geometry. We will see that geometry of Euclidean spaces can be derived from dot product.
Definition: Let 
 and 
be two points in . The dot product of  and  is the real number 


Dot product has the following properties
If  and  are points in  and  are real numbers, then
1. Bilinearity: 


2. Symmetry: 

3. Positive definiteness

       and 

The norm of a point
The norm of a point  is the number 

The norm is a real-valued function on . It has the following properties
· 
· 
for  vectors  and  of  and real number . 

Distances in 
If   and  are two points of , the Euclidean distance from  to  is the number 

So we calculate 





Open sets
[image: ]The distance formula can be used to give a precise definition of open sets.
Definition: If  is a point in  and  is a positive real number, then the neighborhood Nof  in  is the set of all points  in  such that :

Definition: A subset O   of  is open if every point of O   has some neighborhood that is completely contained in O :

This definition of open set can be used on any .
We can also replace   with some other distance function. 

Dot product on tangent vectors
We know that tangent space at any point of  , that is,  is isomorphic to . We can use this relation to define dot product on any tangent space .
Definition: The dot product of tangent vectors  and  at the same point of  is the number .

Similarly we can define norm of any tangent vector in the following way.
Definition: The norm, or length, of a tangent vector  is the norm of its vector part, that is,


Schwarz inequality:
A fundamental result of linear algebra is Schwarz inequality given by

This permits us to define the cosine of the angel between two vectors as:
Definition: To any non-zero vectors  and  define the cosine of the angle between  and  by


Definition: Two vectors are orthogonal if .
Definition: A vector of length 1 is called a unit vector.
[image: ]Frames
Definition: A set  of three mutually orthogonal unit vectors tangent to at point  is called a frame at the point .




We can say that a set of three tangent vectors  in  is a frame at  if the vectors satisfy


We can write down the same definition using notion of Kronecker delta function  defined as 

So the alternate definition becomes:
Definition: The set of tangent vectors  to  at  is a frame at  if and only if 
 for all 
Theorem: Let be a frame at a point  of . If  is any tangent vector to  at 

See book for proof.
Now we know that the tangent space  is isomorphic to  So three linearly independent vectors form a basis of . 





End of the lecture
[image: https://img.verticalresponse.com/email_layout/1999/clocks2.jpg]


















Lecture # 9


Contents:
· The Attitude Matrix
· Cross Product

The Attitude Matrix
The Attitude Matrix Of A Frame
Let   be a frame at point  in 
If 



Then 

is called the attitude matrix of  the frame .
Definition: 
If the rows of a square matrix are orthonormal, then the matrix is called orthogonal.
Hence the attitude matrix of any frame is an orthogonal matrix.



Definition: 
The transpose of  matrix is defined by



Property of orthogonal matrices
If  is a  orthogonal matrix, then the matrix product of  with  is equal to

So  is inverse of .
Cross Product
[image: https://upload.wikimedia.org/wikipedia/commons/thumb/4/4e/Cross_product_parallelogram.svg/480px-Cross_product_parallelogram.svg.png]Cross Product:
Let  and  be tangent vectors to at a point . The cross product of  and  is the determinant

[image: ]Which is also element of . 
Properties Of Cross Product
Linearity: Let  and  be tangent vectors to  at the same point , and let  be real numbers. Then 

and 


Properties Of Cross Product
Alternation Rule: 
If  are tangent vectors to  at a point then 

It is also easy to see that .
[image: ]Direction of the Cross Product
[image: http://www.kwantlen.ca/science/physics/faculty/mcoombes/webtests/notes/UsingRightHandRule_files/image007.jpg]




Lemma: The cross product of  and  is orthogonal to both  and .
See book for the proof.
The length of the cross product:
The cross product of  and  has length such that


See book for the proof.
[image: http://chortle.ccsu.edu/VectorLessons/vch12/parallelogramArea.gif]

A more intuitive description of the length of a cross product  is





Triple Scalar Product
Let  be three vectors. The triple scalar product of  is the number

We can also write the above as




End of the lecture














Lecture # 10

[image: ]
Contents:
· Speed Of A Curve
· Vector Fields On Curves
· Differentiation of Vector Fields

Speed Of A Curve
Speed
Let a car moves between Islamabad and Quetta and follow the path 

given by

What is the speed of the car after 3 hours. To answer such questions we need the following.
Definition: Let 

be a curve
The speed of  is defined as the length of the velocity of  :




Arc length
Let a car moves between Islamabad and Quetta and follow the path 

given by

Question: What is the distance travelled in 3 hours? 
To answer such questions we need the following.
[image: http://www.armorplans.com/98012.JPG]Definition: 
The arc length of  from  to  is equal to



Definition: The restriction of a curve  to a closed interval  is called a curve segment. 
If   is a curve segment of , 

then the length of  is written as .
 Definition: A curve  has unit speed if its speed is 1 at every point, that is,

Example: Let  be defined by

Arc-Length parameterization
Theorem: Let  be a regular curve. Then there exist a reparameterization  of  such that

See book for proof.
Orientation of a reparameterization
A reparameterization of a curve  given by

Is orientation preserving if

It is orientation reversing if 

FACT: Unit speed reparameterization is always orientation preserving.
Let  be a curve. We define:
Definition: A vector field  on curve  is a function that assigns to each number  in  a tangent vector  to  at the point .

Vector Fields On Curves

[image: http://www.artsci.wustl.edu/~bblank/Maple/MultivariablePlotting/Images/MultivariablePlottingII224.gif]Example: 
For curve  the velocity  satisfies the definition of vector field on a curve.

Properties of vector fields on curves
Definition: 
If  is a vector field on , then for each  in  we can write

The real-valued function  are called Euclidean coordinate functions.


Addition of vector fields
Let  and  be two vector valued functions on . Then the addition of  and  is defined as:

Scalar Multiplication
Let  be a vector field on  and   be a real valued functions.  Then we define 
Dot product of two vector fields
Let  and  be two vector valued functions on . Then the dot product of  of  and  is defined as:
Cross product of two vector fields
Let  and  be two vector valued functions on . Then the cross product of  of  and  is defined as:
Differentiation of a vector field on a curve
Definition:  Let  be a vector field on a curve  , with .
Then the new vector filed on  

is the derivative of .

Definition: Let  be a curve with coordinates  then the acceleration of  is defined as 

Properties of differentiation
Let  and  be two vector valued functions on . Let  be a real-valued function. Let  and  be two real numbers then 


Linearity:

Leibnizian properties


[image: ]Parallel vector fields
A vector field on a curve is parallel if all its values are parallel tangent vectors.
That is



Vanishing derivatives: 
Lemma:  Let  be a curve then:
1.   is constant if and only if .
2. If  is not constant, then  is a straight line if and only if .
3. A vector field  on a curve  is parallel if and only if  .
See book for proof.

End of the lecture





Lecture #11


Contents:
· Curvature
· Frenet Frame Field
· Frenet Formulas
· Unit-Speed Helix

Aim of today’s lecture is to understand the geometry of the curves. In daily life we can understand the geometry of the curve by looking at them, for example, in the following figure there are three curves given. We can easily see that which curves have more curvature and which curve is turning very fast. 
[image: http://www.thunderbolts.info/wp/wp-content/uploads/2011/08/pitch_variables_b_field_540x198.jpg]




Today we will define these properties mathematically.
Curvature
Definition: The rate of change of tangent, that is, 

is called the curvature vector filed of .

Since we have that 

So 

And this gives us 

Definition: A vector field  on   is called normal to  if .
We can see that curvature vector field is normal to .
Definition (Curvature): The function  defined by

Is called the curvature function of .
The curvature function satisfies  for all .
Note: 
· When  is small then the curve is close to straight.
· When  is large then the turn in the curve is sharp.

[image: ]Principal normal
Let  be a curve. Let  , that is, curve is never straight. We define principal normal vector  as:

We can see that , hence a unit vector.
The principal normal vector tells us the direction in which the curve turns. 



 Binormal vector field
The vector field on curve  

[image: https://encrypted-tbn3.gstatic.com/images?q=tbn:ANd9GcTjMZJMEDcnO0DwXzmYZgVWMPTJnnkstfAxMkeJ9IRedwq6BJyg]is called the binormal vector field of .





Lemma: If  is a unit-speed curve in  with .  Then the three vector fields  on  are unit vectors that are mutually orthogonal at each point. 
Proof: See book.

[image: http://www.mathworks.com/matlabcentral/fx_files/14056/16/content/ex14.png]Definition (Frenet Frame ) 
The triplet  is called the Frenet frame field on .



The derivatives of a Frenet field
We can express derivatives of  in terms of .
The derivative of 
We defined 

So 

[image: http://www.emeraldinsight.com/content_images/fig/1270850205017.png]The derivatives of a Frenet field
We can express derivatives of  in terms of .
The derivative of B
We can write  in the following form

The torsion of a curve
The function  such that

is called the torsion of the curve.
[image: http://ars.els-cdn.com/content/image/1-s2.0-S1053811908011981-gr4.jpg]




The Frenet Formulas
Theorem: If  is a unit speed curve with curvature   and torsion   then 



Proof: see book.

End of the lecture
[image: ]


Lecture # 12


Contents:
· Frenet Approximation
· Plane Curves
· Planes
In this lecture we are mainly interested in approximating the curve using Frenet Frame and Frenet formulas. So we want to  approximate the curve using the geometric information, for example,  using curvature, torsion, normal, etc. 
First we recall definition of a plane in .
A plane through  and orthogonal to  consists  of all points  such that

forms a plane. 
[image: ]
[image: ]





Next we are going to recall Taylor series.



[image: File:Taylor Approximation of sin(x).jpeg]Taylor Series
Let  be a function from  to . If  is infinitely differentiable near . Then the functional values of  near  are given by the Taylor series.



To approximate a curve near an arbitrary point on the curve.  We are going to achieve this by using Taylor series and Frenet Frame at a point. 
Frenet Approximation
Approximation of Euclidean Coordinate Functions
The Taylor series around origin is given.
Taylor  series around point  

Where  is any point near .
Now let  be a unit speed curve. We can approximate each of the functions , for  in the following way:

In coordinate form we can write.

Now the above is an approximation to the curve. Now we want to see what kind of geometrical properties can be obtained from this geometrical approximation of the curve. For this we apply Frenet formulas. 
Applying Frenet Formulas
We know that  so this gives us

We also know that

                          
To calculate  we use Leibniz rule

Frenet formulas imply that

Using this in above expression we get

So we get 

Definition: Let  be a unit speed curve then 

is called Frenet approximation of  near .
 Next question: Can we do the same process for a point  other than .
The Frenet approximation at point 
For this we use Taylor series around point .
Taylor series around point   

Where  is any point near .
Using above and Frenet Formulas we can show that for a general point  on the curve the approximation is given by



Important: We have triplet  at each and every point of the curve.
[image: ]





So we have at each point of curve

Now we discuss the terms of approximation one by one.
The curve defined by  is the tangent line to  at .[image: ] It is the best linear approximation to  near .



The approximation  is in fact a quadric function in  and in particular defines a parabola.  The parabola lies in the plane with axis  and . This plane is called Osculating plane.

The approximation 

is curve which is moving the parabola in the third dimension of .
Lets recall what is a planar curve.
[image: ]Planar curve
A plane curve in  is the set of all point which lie in the same plane in . 
See figure below for a geometrical idea.


Torsion Free Curves
Let  be a curve in  with positive curvature . Then  is a plane curve if and only if .

[image: http://i.stack.imgur.com/6xHtD.png][image: http://i.stack.imgur.com/fRxO3.png]





Theorem: Let  be a curve in  with positive curvature . Then  is a plane curve if and only if .
See book for proof.

[image: C:\Users\SONY\Desktop\end of lecture photos\graduate-job-placement-2.jpg]End of the lecture





Lecture #13

Contents:
· Frenet Approximation
· Conclusion
· Frenet Frame For Arbitrary Speed Curves
· Velocity And Acceleration 

Curvature Of Circle
Consider the following circle

Then it is a unit speed curve. And its curvature is  . 
Now the question is: every curve with torsion zero (contained in plane) and constant curvature is a circle?
Lemma: If  is a unit speed curve with constant curvature  and torsion zero, then is part of a circle of radius .
See book for proof.
Arbitrary Speed Curves
We use the following result.
Theorem: Let  be a regular curve. Then there exist a reparameterization  of  such that



Arc length parameter
Let  be a regular curve. We can find arc-length parameter  in the following way

Let  be the arc-length reparametrization of  such that

[image: ]





[image: ]Example: Consider a helix  defined by





Now  is a unit speed curve. If then we can define the following


The Frenet Frame of 
Definition: Let  be a regular curve and let  be its arc-length parametrization. Then we define 
The curvature function of  :       
The torsion function of  :            
Unit tangent vector field of :          
Principal normal vector field of  : 
Binormal vector field of  :                

For arbitrary speed curve  the speed is an important factor in the Frenet formulas for arbitrary speed curves.
Lemma: If  is a regular curve in with , then 



If a object (e.g. bird, airplane, etc ) is moving on a constant speed then velocity and acceleration are perpendicular. If the object follow the path .  Since  has constant speed so 

Definition: Let  be a curve with coordinates  then the acceleration of  is defined as 

So


So velocity and acceleration are perpendicular.
We can analyze the situation by expressing velocity and acceleration in terms of Frenet Frame field.
[image: ]Lemma: If  is a regular curve with speed function  then its velocity and acceleration are expressed by 
, 

Definition: The term   is called the tangential component of acceleration. 
Definition:  The term  is called normal component of .






End of the lecture
[image: C:\Users\DR SOHAIL\Desktop\end of lecture photos\bored-with-computer-300x199.jpg]
















Lecture # 14

[image: https://encrypted-tbn1.gstatic.com/images?q=tbn:ANd9GcTbZRwHGSkqk8dStEeBq5qkHezS7qoXaPSMJdO0CSxt5yNwrpyqjA]
Contents:
· [image: ]Frenet Apparatus For A Regular Curve
· Computing Frenet Frame
·  The Spherical Image 
· Cylindrical Helix
· Conclusion

In this lecture we will learn to calculate the Frenet Frame for arbitrary speed curves. For this purpose the following result is useful.
Theorem: Let  be a curve in  Then 





See lecture video of the book for the proof of this.


Exercise: Consider  a curve in  given by

Find the Frenet apparatus for 
Applications Of Frenet Formulas
Given a curve  we construct a new curve . Such that  has some properties of  and helps us to understand those properties in a better way.
Spherical Image: 
Let  be a unit speed curve. The spherical image  is the curve   That is 

is given by

where 

is tangent at point  of the curve.
[image: ]










Example: The unit helix is given by

where . Then the spherical image  of  is given by:
[image: http://upload.wikimedia.org/wikipedia/commons/thumb/1/1e/Esfera-raio-circulomenor.png/180px-Esfera-raio-circulomenor.png][image: ]







Curvature Of The Spherical Image
Let  be the spherical image of the unit speed curve .  Let us calculate the curvature of . 





End of the lecture
[image: C:\Users\DR SOHAIL\Desktop\end of lecture photos\computer-job-seeker.jpg]






Lecture # 15


[image: http://esse.wdcb.ru/papers/TechReport2007html/TechReport2007html.files/image110.jpg]Contents:
· Cylindrical Helix
· Covariant Derivatives
· Euclidean Coordinate Representation
· Properties Of The Covariant Derivative
· The Vector Field Of Covariant Derivatives

Cylindrical Helix
Sometimes the geometrical information like torsion and curvature are enough to tell what the curve is exactly going to be. Cylindrical is one of those examples where, by just looking at the torsion and curvature, you can tell with exactness. In fact  the ration  is some times very decisive in the case of some curves. We start with the definition of the cylindrical helix. 
Definition: A regular curve  in  is a cylindrical helix provided the unit tangent  of  has constant angle  with some fixed unit vector ; that is, .
[image: http://photo2.bababian.com/usr100101/upload3/20100910/svarwN_k3eIb48EbNtDugOSD4z4t29QNd99QoTZ3yd1IqXN0z_v3P3Q==.jpg][image: ]  
[image: https://encrypted-tbn3.gstatic.com/images?q=tbn:ANd9GcSYN1o_2b-W-RhQqAeQwRNMtWqkREA8ocotNpr4wYIvMRbwTZWdGw]






Movement of a cylindrical helix
Assume that  is a unit-speed curve which is a cylindrical helix, that is,             , for some fixed unit vector . Lets consider the following function:

[image: ][image: ]






Theorem: A regular curve   with  is a cylindrical helix if and only if the ration  is constant. 
See book for proof.
In summary we have the following information directly about the curve by just looking at the Frenet apparatus.
[image: ]









[image: http://www.nevron.com/gallery/FullGalleries/chart/Vector/images/3D-Vector-Field-chart.png]Covariant Derivative
We have seen the definition of vector field. For an example of a vector field see the diagram.
As we can see that the arrows are different at each and every point. Our next aim is understand the rate of change of vector field at any point. For this we define covariant derivative.

Definition: 
[image: http://mumaharps.com/harps/xharp/images/harp29.jpg]Let  be a vector field on . Let  be a tangent vector to at point  The covriant derivative of  with respect to  is the tangent vector 

at the point .
The symbol  is called nabla. 

In fact  measures the initial rate of change of  as  moves in the direction of .


[image: http://people.eecs.ku.edu/~miller/WorldWindProjects/VectorFieldVis/images/2005-08-28-asc-grid.jpg]Example: Wind Vector field
One of the practical examples of a vector fields are wind vector field, which tells us the direction and magnitude of the wind at any point. 
Calculating the rate of change of this vector field is a crucial part of weather prediction. We use covariant derivative to calculate such quantities. 

Now lets see how to calculate the covariant derivative.
Exercise: Consider a vector field

and

Lemma: If   is a vector field on , and  is a tangent vector at  then

See book for proof.
From the properties of directional derivative we can drive
Theorem:  Let  and  be tangent vectors to  at , and let  and  be vector fields on  Then for numbers  and functions . 
 
 
 
 
The vector field of covariant derivatives
Definition: Let  and  be vector fields on . 
The covariant derivative  of  with respect to  is a vector field defined by 

Corollary: If  , then 

Example: We always use  and  
If  and  , then 


and therefore

Corollary: Let  and   be vector fields on   .  Then 
  for all functions  and 
  for all numbers  and 
 for all functions 
 
See book for proof.




[image: C:\Users\DR SOHAIL\Desktop\end of lecture photos\computer-job-seeker.jpg]End of the lecture












Lecture #16


Contents:
· From Curves to Space
· Frame Fields
· Coordinate Functions
[image: http://www.mathworks.com/matlabcentral/fx_files/14056/16/content/ex14.png]From Curves To Space

In 1847 Frenet formulas were discovered by Jean Frédéric Frenet (7 February 1816 – 12 June 1900) in 1847.
In 1851 Joseph Alfred Serret (August 30, 1819 - March 2, 1885) discovered the same formulas independently. 
So we can call them Frenet—Serret Formulas.


From Curves to Surfaces
So far we have discussed the geometry of curves in . We mainly use the Frenet frame .  Then we calculated the rate of change  using Frenet formulas.
[image: ]





Now to go from curves to surfaces we use the same idea, that is, 
Assign a frame to each point of the surface
And then we calculate the changes in the frame in terms of the frame itself.
[image: http://farm1.static.flickr.com/192/471823063_8427c570be.jpg][image: http://www.mathworks.com/matlabcentral/fx_files/14056/16/content/ex14.png]





The following theorem helps 
Theorem: Let be a frame at a point  of . If  is any tangent vector to  at 
[image: ]

Instead of defining frame field on the geometrical object, like sphere, we carry on this idea for the Euclidean space  Then the restriction of the idea to geometries in  is simple. 


Frame Fields
We can extend the idea of point wise operation to define the following terms for vector fields.
Definition: Let  and  be vector fields in , then we can define their dot product as follows: 

Similarly we can define the following:


Definition: Let  be a vector field then we define  to be a real valued function on 

given by

The norm  is not defined around .
[image: ]Definition: Three vector fields  on  forms a frame field on  if they satisfy 
 for 
Thus at each point  the vectors  do in fact form a frame since they have unit length and are mutually orthogonal. 

[image: ]Example ( Cylindrical Frame Field)
Before defining the cylindrical frame we recall what are cylindrical coordinates. 
Cylindrical Coordinates: Let , ,   be the cylindrical coordinate functions of . 



We pick unit vector field in the direction in which each coordinate increases 




It is easy to check that 

So 
[image: ]
forms  a frame field on  called cylindrical frame field.
[image: ][image: http://www.math.usm.edu/lee/matharchives/wp-content/uploads/2011/10/cylinder_frame.gif]






Now the question is are there points where the cylindrical frame is not defined?
Yes, the points on axis does not have a cylindrical frame defined on them.  Cylindrical coordinates are useful in many practical situations, like, designing of a robotic arm etc.

[image: http://www.industrial-electricity.com/images/14-2.jpg][image: http://prime.jsc.nasa.gov/ROV/images/cylindrical2.GIF]





[image: http://weblogs.sun-sentinel.com/news/weather/hurricane/blog/goes-over-earth.jpg]Spherical Coordinates: 
Why spherical coordinates?
Just like cylindrical coordinates, there are situations in real like that
Could be dealt in a good way if we use the spherical coordiantes. 
[image: ]


From Cylindrical Frame to Spherical Frame
       
        
        
             
[image: ][image: ]






So we have  
       
        
       
Lemma: Let  be a frame field on .
1) Let  be a vector field, then . Where the functions  are called the coordinate functions of  with respect to .
2) If  and  then 

And 

See book for proof.

So far we have seen many frame fields. 
But for a given problem we would like to choose a frame field that is especially easy to work with. The calculations could be very easy with the right selection of frame field. 
[image: ][image: ]
[image: ]








[image: C:\Users\DR SOHAIL\Desktop\end of lecture photos\Educator_Computer_Hand.jpg]End of the lecture












Lecture # 17


Contents:
· Connection Form
· Connection Equations
· How To Calculate Connection Forms

Connection Form
Covariant derivative of a frame field
Let  be a frame field on . Let  be an arbitrary tangent vector at point  of . Then we can write




We can use orthonormal expansion:
Theorem: Let be a frame at a point  of . If  is any tangent vector to  at 

To express each coefficient  as
  for 
Note that the coefficients  depend only the vector , so we can write them 
 for  
The function  given by
 for  
is a function of tangents vectors on , and the output is a real number.
Have we met any function that satisfy this property?
Yes, we have. 
Definition: 
A form  on  is a real-valued function on the set of all tangent vectors to  such that  is linear at each point, that is,

For any numbers ,  and tangent vectors  ,  at the same point of .

Lemma: Let  be a frame field on . For each tangent vector  to  at point , let 
 for  
Then each  is a one form, and . 
See book for proof.
Theorem: Let  be the connection forms of the frame field  on .
Then for any vector field  on 

We call the equations 

Connection equations.






The matrix of connection forms
We can write the connection forms  in matrix form

But since  , so for  we have . Hence we have 
 for .
Hence the matrix of connection forms becomes

Hence we can write connection equations as







How To Calculate Connection Forms
Let   be an arbitrary frame field and let  be natural frame field. We can write 



here the coefficients can be calculated using orthonormal expansion 

Here  are real valued functions on .  
From here we can define the attitude matrix of the frame.

Now we define differential of  to be . So  is a matrix whose entries are -forms. 
We can calculate the connection forms in terms the attitude matrix as follows:
Theorem: If  is an attitude matrix of a frame field . Let
 be the connection forms of this frame field, then 

Or equivalently

See book for proof.
Connection forms for the cylindrical frame
We know that
So the attitude matrix of the cylindrical frame is

Hence 

Now the connection forms for cylindrical frame are 

Hence the connection equations become



Since  is a real valued function on . So

Hence the equations



Becomes 









End of the lecture

[image: C:\Users\DR SOHAIL\Desktop\end of lecture photos\N71ELCA9ZRVC1CAS8M7ADCAYVH8F2CAYJ32W6CAEUP4DECAWOEZ1BCA96OP89CA8VN8P8CAFGJGGTCA90DN3UCAUVGCBJCAX1FF2BCAQNSLOPCAKPGJPGCAOPBPLCCAL47LDJCAAPJ27GCARJWTRWCAXCA89L.jpg]










Lecture # 18
[image: ]

Contents:
· Dual Forms
· Cartan Structural Equations
· Structural Equations For Spherical Frame


Dual Forms
The dual forms of a frame field
Any frame field can be described in terms of  1-forms.
Definition: If  is a frame field on , then the dual 1-forms  of the frame field are the 1-forms such that

For each tangent vector to  at point .
Here  are 1-forms since 
1)-   takes vectors to real numbers
2)-  are linear 

Another property of 
 for  
here  is Kronecker delta function. 
Orthonormal expansion formula for vector field
Let  be a vector field then we can write in terms of frame field 

In terms of dual 1-forms the orthonormal expansion can be written as

Expressing 1-forms in terms of dual forms
In case of natural frame field  the dual 1-forms are . We also know that any 1-form  can be written as

Question: Is it true in general?
Answer: Yes, by the following result.
Theorem: Let  be the dual 1-forms of a frame field . Then any 1-form  on  has a unique expression


Formula for 
We know that any frame field  can be written in terms of natural frame field, 

We have the following result for dual 1-forms  of  as:
Fact:


Cartan Structural Equations
[image: ]Exterior derivatives
Exterior derivatives of 1-forms and connection forms were given by Cartan.
Theorem (Cartan Structural Equations)
Let  be a frame field on  with dual forms  and connection forms 

The exterior derivatives of these forms satisfy:
(1) The first structural equations:

(2) The second structural equation:

Proof is not included.
Matrix notation
We define some notations and remarks to make these structural equations more easy to understand. We define

and we also know the attitude matrix

And we can write the dual forms  in matrix form as 

And the dual of natural frame fields as:


Using these notations we can write the following fact
Fact:

In the following form:

In short form it becomes:


So we can write the Cartan structural equations as
First structural equation

can  be written as 

Similarly 
The second structural equation

can be written as



Example: The Spherical Frame Field
The spherical Frame field is given by



So the attitude matrix is 

Now if  are dual 1-forms of the spherical frame field then:  

Calculation of 
Now to calculate  we consider



We calculate  use the following to get .

Calculation  of 
Now we will 

Now we after calculating  , the matrix of  is given by

First Structural Equation for Spherical Frame 
So we have
(1) The first structural equations:

(2) The second structural equation:

Where 

Recipe for dealing with geometrical problems in 
Procedure
1) Select  a frame field 
2) Find its dual 1-forms 
3) Calculate connection forms
4) Apply structural equations
5) Interpret the results

End of the lecture
[image: C:\Users\DR SOHAIL\Desktop\end of lecture photos\math_clipart1.jpg]









Lecture # 19


Contents:
· Surfaces in 
· The Sphere
· Construction Of A Surface

Surfaces in 
Coordinate patches
A coordinate patch 

is a
· Mapping
· one-to-one 
· regular  
of an open set  of  into .  
[image: ]





Proper Patches
A coordinate patch  is called proper if its inverse function 

is continuous.
What is a surface roughly?
Every small region of surface looks like a region in , or image of patch.
Definition: Let  be a patch with  is a patch in .
[image: ]Definition: 
A neighborhood in  of a point  is the subset of all points in  at distance less that , for some real number .



Surface
[image: ]A surface in  is a subset  of  such that for each point  of  there exist a proper patch in  whose image contains a neighborhood of  in .





Sphere: 
A sphere  is the set of all point in  whose distance from origin is 1, that is all points  such that

Patch containing north pole
Consider the point  on sphere, known as North pole.
Let 

[image: ]Define 

Lets see if  is a patch or not. For this check the following:
· Mapping: since the coordinate functions are differentiable
· One to one 
[image: ]To check if the patch  is regular we need to calculate the Jacobian of this map:






Similarly we can define the patch for the south pole, that is, the point . 

From the sphere example we can guess the following
The map 

given by 

[image: ]for any differentiable function  is a patch.  These kind of patches are called the Monge patches.
Simple Surface
Let  be patch. Then the image  satisfies definition of a surface. This type of surface is called simple surface.
Example:
[image: ]Let  be a real valued differentiable function from  to . The graph of  is the set of all points in  satisfying .
In fact  is the image of the Monge patch.
So  is a simple surface.
 










End of the lecture





Lecture 20


Contents:
· Implicitly Defined Surfaces
· Surfaces of Revolution
· Properties Of Patches

Implicitly Defined Surfaces
Let   be a real valued function from to . For any real number , the equation

defines the set of all points  of  such that 

Example: 
Let  and let  then the set of all points  such that 

forms a sphere of radius . 
Example: 
Let  and  then the set of all points  in  such that 

 is 

[image: ]forms  a plane parallel to plane.
An Implicit Construction
Theorem: Let  be a differentiable real valued function on , let  be a number. The subset  of  is a surface if the differential  is not zero at any point of .
See book for proof. 

Monge Patches:
The map 

given by 

for any differentiable function  is a patch.  These kind of patches are called the Monge patches.
Sphere is a surface 
A sphere  with center  and radius r is the set of all point in  whose distance from   is , that is all points  such that

  
Let 
Then  defines sphere with center  and radius .
We apply the previous theorem to shwo if this sphere is  a surface or not.
Surfaces of Revolution
If  is defined by , where  is a differentiable function. Also  is regular curve. 
Then the surface of revolution is defined by

[image: ]





More surfaces of revolution
[image: ][image: http://mathworld.wolfram.com/images/eps-gif/DoubleTorus_800.gif][image: http://24.media.tumblr.com/c1d42aa0533dbf2bbfc286c5aff4897a/tumblr_mhqi30KmgT1qdj0hbo1_1280.jpg]We can generate a torus using the idea of surface of revolution.





Lets see why we need properness in defining surface patches.
Example: Let

and 

Here  is a patch.
[image: ]But the image is not a surface.




End of the lecture

Lecture 21


Contents:
· Parameter Curves on Surfaces
· Parametrizations
· Torus
· Ruled Surface

Parameter Curves on Surfaces 
Parameter Curves
Let  be a coordinate patch. For each point  in  the curve 

is called the parameter curve, , of . 
Similarly the curve 

Is called parameter curve, , of .
[image: ]






· The image  of  is the union of all such curves. 
· Each point of  lies on exactly one curve of each type.
Partial Velocities
If  is a patch, for each point  in . 
· The velocity vector at   of the parameter curve, ,  is denoted by .
· The velocity vector at  of the parameter curve, ,  is denoted by .
[image: ]The vectors  and  are called the partial velocities of  at .






Calculation of partial velocities
Given a coordinate patch  

Then the partial velocities functions are 


Where  is point of application and can be omitted. 



Geographical patch in a sphere
Let be a sphere of radius  and center  in . Let  be a mapping defined on

Defined by

[image: ]





[image: ]
Parametric Curves on the sphere
· The parameter curve, , is a circle with constant value of . It is the parallel at latitude .
· The parameter curve, , is a half circle. It is the meridian of longitude .

Parametrizations

Definition:
A regular mapping  whose image lies in a surface  is called a parametrization of the region  in .
Properties of parametrization
· A 1-1 parametrization is a patch
· In parametrization of a curve mean a surjective map onto the whole curve. But in case of surface parametrization it might be only the region  of .

When a mapping is a parametrization?
Given a mapping . To check whether it is a parametrization of a surface  we check the following:
· 
First determine that  or not. For example if surface is defined by .  Then
 is contained in  if and only if .”
·  is regular?
The map  is regular if

is non zero. 
Parametrization for sphere
Given mapping

Question: Is it parametrization of sphere  of radius  and center ?
Lets check the two conditions to see.
·  
The equation of sphere is 

Then  if and only if . 
·  is regular? 
Here 
To check if  is a patch we need to only check if  is 1-1 or not.  

Surface of revolution
Let the curve  has parametrization

here . 
As the point on the curve is rotated then it reaches the point 

[image: ]Question: Is it a parametrization of the surface of revolution?
Answer: check the following two.
· 
·  is regular?


Torus 
Definition:
A torus of revolution  is the surface of revolution of a circle . 
Example:
Suppose that  is the circle in the plane with radius  and center . 
We rotate the circle around axis here .
Here parametrization of  is 

This yields the parametrization

[image: ]
[image: ]

Definition: 
A ruled surface is a surface swept out by a straight line  moving along a curve . 
The various positions of the ruling line  are called the rulings of the surface. 
Such a surface always has a ruled parametrization

here  is base curve and  is the director curve. 
We put conditions on  and  to make  a parametrization. 
[image: ][image: ] 
 





End of the lecture







Lecture # 22


Contents:
· Coordinate Expressions
· Curves on a Surface
· Differentiable Functions

Definition:
A regular mapping  whose image lies in a surface  is called a parametrization of the region  in .
In parametrization of a curve mean a surjective map onto the whole curve. But in case of surface parametrization it might be only the region  of .
[image: ]





Coordinate Expressions
Suppose that  is a real valued function on a surface . 
If 

is a coordinate patch of  then the composite function  is called the coordinate expression for  .
The coordinate expression  is just a real-valued function

The function  is differentiable provided all its coordinate expressions 
are differentiable. 
  
For a function 

each patch of 

gives a coordinate expression of , given by

here  is an open set containing points from the set 

The function  is differentiable if every coordinate expression for  is differentiable. Every set  is open set.
Definition:
A curve on a surface  is a differentiable function 

from open interval  to .
Coordinate functions of a curve
Lemma: If  is a curve  whose route lies in the image  of a single patch , then there exist unique differentiable functions  on  such that

Or .
[image: ]See book for proof






Map of the region
Let  be a patch in . 
[image: ]We take the domain  as the map of the region .  





The functions  and  establish a one-to-one correspondence between objects in D and the objects in .
Too many patches 
To check the differentiability of functions  we need to check differentiability at each and every patch. The following theorem simplify the situation. 
Theorem: Let  be a surface in . 
If  is a (differentiable) mapping whose image lies in , 
then considered as a function  into ,  is differentiable. 

Overlapping patches
Corollary: Let  and  be patches in  where . Assume that images of  and  overlap, that is, . Then each of  and  is a differentiable mapping defined on an open set in . 
Here the mapping  is defined on the set .
[image: ]Similarly the mapping  is defined on the set.







How to show that  is differentiable
By definition  is differentiable if  is differentiable for all patches . 
Assume that we show that  is differentiable for a patch . Let  be another patch. Then  is differentiable and  is also differentiable. Therefore the composition  is differentiable. The function  is the restriction of  to only a small region of , where  and  overlap. 
But  is covered by such regions, therefore  is differentiable in an open region around every point of  






End of the lecture





Lecture #23


Contents:
· Tangents 
· Tangent Vector Fields
· Gradient Vector Field

Tangents
Tangents to a surface
Definition: Given an surface  Let  is a point of . Then a tangent vector to  at is tangent vector to  if  is velocity of some curve in .
The set of all tangent vectors to  at  is called the tangent plane of  at point  and is denoted by .
[image: ]Fact: At each point the tangent plane  is actually a 2-dimensional vector subspace of the tangent space . 







Lemma: 
Let  be a surface in  and  be a point on . Let  be a patch of  such that . A tangent vector to  is a tangent vector to  at point  if and only if  can be written as a linear combination of  and .
See book for proof.
Tangent plane as approximation to  at point 
We can think  is linear approximation of surface near point .
Euclidean and tangent vector fields
Definition: 
[image: ]A Euclidean vector field on  is a function  that maps every point  of  to a tangent vector  to  at point .
Definition: A tangent vector field on  is a Euclidean vector field  on  that maps every point  of  to a tangent vector  at .
Most of the time a Euclidean vector field are defined only 
on a small region of 


Normal vector field
A tangent vector  to  at point  is normal to  if  is orthogonal to the tangent plane . 
[image: http://english.rejbrand.se/trecs/pix/normalVectorField2048.png][image: http://upload.wikimedia.org/wikipedia/commons/thumb/7/7e/Surface_normal_illustration.png/220px-Surface_normal_illustration.png]A Euclidean vector field  is normal vector field on  if  is normal to  for every point  of . 






It is easy to deal with tangent and normal vector fields for surfaces given in implicit form.  To see this we define:
Gradient Vector Field
Gradient vector field
Let be a surface given in implicit form . The gradient vector field is the Euclidean vector field  that maps every point  of  to 

Question: What does the gradient vector field look like?
Answer is given by the following Lemma.
Lemma: Let  be a surface in implicit form. Then the gradient vector field has the following properties: 
· A normal vector field on 
· Nonzero at every point of .

Directional derivatives
· Let  be a point on surface and  be a tangent vector. Let  be a real valued function on . 
· The directional derivative of  with respect to , written as , is defined as
· 
· for any curve  in  with  and 
· Directional derivative has the same properties as we studied for .


End of the lecture



Lecture # 24


Contents:
· Differential Forms
· Exterior Derivatives
· Differential Forms On The Euclidean Plane
· Closed And Exact Forms


Differential Forms
Let  be a surface in 
· A form on  is a function 
· A form on  is a real-valued function  on the tangent vectors on , such that  is linear on  for every .
We defined 2-form and 3-form on  in the following way. 
But we did’t define them properly.  
Intuitively what is a 2-form.
Definition 
A form  on a surface  is a real-valued function on all ordered pairs of tangent vectors  to  such that
1.  is linear in  and in 
2. 
Definition: A form is a form of degree . 
Fact: Since surface is two dimensional hence all forms with  are zero.  
Properties of forms
· Two forms, for , can be added.
· A form can be evaluated on a vector field . 
· Similarly a form can be added evaluated on pair of vector fields .
· Second axiom of the definition of the form implies that 

forms and determinants
Let  be a form on surface . Let  be two linearly independent tangent vectors at some point of . Then 

See book for proof.
Wedge product 
· Product of a form and a form is a form.
· The product of a form and a form and form is usual multiplication.
· On surface the wedge product is zero if . So we need only the following definition:
Definition: If  and  are forms on a surface , the wedge product  is a form on  such that

for all pairs  of tangent vectors to .
Question : Why  is a form?
Rule for interchanging the factors in a wedge product 
If  is a form and  is a form, then

In case of surfaces sign changes only occur in case of multiplication of two forms. 
In particular for form  we have

Exterior Derivatives
The differential calculus of forms is based on the exterior derivatives . 
· For form, that is a real-valued function  , the exterior   is defined as

· The exterior derivative of a form is a form.
· For surface we need the following: 
Definition: Let  be a form on a surface .  Then the exterior derivative  of  is a form such that for each patch ,

Definition: Let  be a form on a surface .  Then the exterior derivative  of  is a form such that for each patch ,


[image: ]




Lemma: Let  be a form on . If  and  are patches in . If  and  are patches in , then on the overlap of  and .
Differentiation Rule
Let  be a surface in . Let  and be a function. 
Then 

Differentiation of wedge product
Let  be three functions on  and  is a form. Then
· 
· 
· 
Theoerem: If  is a real valued function on , then .
How to show that the forms are equal
Two criteria
Let  be a patch in . Then
· Two forms,  are equal on  if and only if

· Two forms  are equal on  if and only if

Closed and exact forms
Let  be a differential form.
If the exterior derivative of  is zero, , then  is closed. 
If  is the exterior derivative of some form , so that  can be written as , then  is exact. 


End of the lecture



Lecture # 25


Contents:
· Mappings of Surfaces
· Tangent Maps of Mappings
· Diffeomorphism

Mappings of Surfaces
Differential functions
Let  and  be two surfaces in . Let  be a function. Then  is differentiable if the following condition is satisfied
For each patch  in  and   in  the composite function  is Euclidean differentiable (defined on an open subset of ).
 is then called a mapping.
[image: ] 






The function  is defined at all points  of  such that  lies in the image of . 
FACT: It suffices to check enough patches to cover both  and .
Cylindrical Projection
Let be a unit sphere in  with center at origin with north and south poles removed, that is,

Let  be the cylinder bases on the unit circle in the  plane. So  is in contact with the sphere along the equator, that is  is given by

Cylindrical projection
Define  as follows.
Start from a point .
Draw the line  through  and  .
Let  be the intersection of  with  as seen in the figure. 
Question: Is  a mapping?
Consider the following patch of the sphere which we discussed earlier

where

Now consider a patch  of the cylinder given by

[image: ]where

Now from the definition of  we get

But 

Hence

Applying  we get 


[image: ]Hence  is a mapping.
Stereographic projection
Let  be a unit sphere with center . Delete the north pole from , that is, consider

Let us identify -plane with , that is,
[image: ]


The function  is given by

where  and  are shown in the figure below.
Using the similar triangles in the figure below (left), we get, 

So

The function

is differentiable.  
For any patch  in  the function  is differentiable. 
Let  given by

be the patch for the  plane, then  is differentiable. Hence  is differentiable, making  a mapping.
 Definition
Let  be a mapping of surfaces. Let  be a tangent vector to  such that there exist a curve  in  and . Then  is a curve in . 
We define the tangent map  of  as 

[image: ]that  takes tangent vectors of  to the tangent vectors of .




Fact1: The tangent map  is a linear map from  to .
Fact 2: Let  and  be mappings of surfaces. Then  is a mapping of surfaces and 

Computation of tangent map
Let  be a mapping. 
Let  be a parameterization in . Let . 
Diffeomorphisms
[image: http://doi.ieeecomputersociety.org/cms/Computer.org/dl/trans/tg/2008/04/figures/ttg200804080511.gif]Definition: Let   be a mapping of surfaces. If  has an inverse  which is also a mapping of surfaces then  is a diffeomorphism.



Inverse function theorem
Let  be a mapping of the surface. Let  be a point. Assume that 

is an isomorphism. Then there are neighborhoods  of  and  of  such that

is a diffeomorphism.
Corollary: If  is regular and bijective, then   is a diffeomorphism.
Definition: Two surfaces are diffeomorphic if there is a diffeomorphism between them.





End of the lecture











Lecture # 26 


[image: http://www.sprezzatech.com/blog/images/0015/surfaces.png]Contents:
· Diffeomorphic Surfaces
· Mapping of Differential Forms

Diffeomorphic Surfaces
Examples of diffeomorphic surfaces
[image: http://home.earthlink.net/~bhsfrisbie4/images/graph%20of%20tangent%20front.jpg]Example1: An open rectangle in  is isomorphic to the entire plane 
Let  be an open set given as

Then the function  defines as

is a mapping of  into . The inverse  is given by

So  is a diffeomorphism.
Similarly every open rectangle in  is 
diffeomorphic to .



[image: ]
Example2: The sphere minus one point to 
Let  be a sphere minus one point, namely the north pole. A parametrization of  is given by:

where 


Let from  to   be the projection map, so a point  of  has image:

So 

 
Example 3: A cylinder and  minus a  point
Let  be a cylinder in .  Define  by 
[image: ]
Then  maps objectively  to 
The inverse of  is gives as:

This is again a mapping, therefore is a diffeomorphism.


Mappings of Differential Forms

Mapping of a form
Let  be a mapping of surface. 
Question: If  is a function then how to move  to a function defined on 
This is not possible in general, but we take functions  to functions on . 
For functions  we define:

We call  the pull back of .

Pull-back of forms and forms
Definition: Let  be a mapping of surfaces. 
· Let  be a form on , the pull-back of , written as  is defined as:
For every tangent vector  to  define 

· Let  be a form on . The pull-back of , denoted by , is defined as:
For every pair of tangent vectors  to 

The essential operations on forms are sum, wedge product, and exterior derivative, are all preserved by mapping.
Theorem:
Let  be a mapping of surfaces, and let  and  be forms on . Then
1. .
2. .
3. .
End of the lecture

Lecture # 27 
[image: ]

Contents:
· Line Integrals
· Integration of forms
· Integral Over a Boundary


Line Integrals
Pull-back of form on a curve
Let 

be a closed curve segment on surface .
Let  be a form on . The pull-back of  is a form on  is of the form
 where 

Definition: Let  be a form on . 
Let  be a curve segment. Then the integral of  over  is equal to 

Another name is the integral of  over .
[image: ]




Force field: Particle moving in a force field
Example: Let  be a vector field on a surface . We assume that  is a force field.
Assume that a particle moves on a curve  We want to know how much work is done by the force field on the particle as it moves between points  and .

Work is done on the particle only by the component of force tangent to , that is,
[image: ]
The work done by the force during time  is approximately given as

Adding these on the whole time interval  we get




To express the following more easily

we introduce the following
Definition: The dual to the vector field  on  is the  form  defined by

for  every  and every .
 
The total work done by the particle 
becomes

where  is the dual form of .

The integral of a differential
Theorem:  Let  be a function on . Let be a curve segment on , where  and . Then

See the book for proof.

Theorem:  Let  be a function on . Let be a curve segment on , where  and . Then

The above can also be restated as:
Let the “boundary” of the curve be , where  is the starting point and  is the end point. Then the integral of  over  equals the “integral” of  over the boundary of , namely .
Extending to surface maps
Definition: 
Let 

be a closed rectangle in . 
A segment is a function  which is differentiable, that is, there exist an open set  such that , and  is differentiable.
[image: ]





Note:
We do not assume that a segment  is regular or injective.
The partial velocities  and  are defined as usual. 
But they may behave in some strange way if  is not regular. 

Pull-back of a form
Let  be a segment on a surface . Let  be a form on . Then the pull-back by  of  has the form

Where



Definition: The integral of  over  is




Definition: Let  . Let  be a segment in . 
Let  be the curve segments such that 


[image: ]
The boundary of  is a formal expression 

Let  be a form on  then the integral of  on  is defined as




End of the lecture











Lecture # 28 



Contents:
· Stokes Theorem
· Reparametrization 


Stokes Theorem

Theorem: Let   be a form on . Let  be a closed rectangle . Let  be a segment in . Then 


Proof: 
[image: ]Idea of the proof: We will start from the double integral and show that it turns into the integral over the boundary of . 
We have


By definition of exterior derivative:

So 

Let  and . .  So 


Now we will calculate: 


Now we will calculate: 

Consider

Where 

By fundamental theorem of calculus:

If  and  then

Now 



Reparametrization
Line integrals of reparametrized curves
Let be a reparametrization of a curve segment  by . Then for any form on 
1) If  is orientation preserving that is   and  then 

2)  is orientation reversing that is   and  then

See the book for proof.
Integral of the boundary without the minus sign
Now if be any curve segment, define

by 

Then  is orientation reversing reparametrization of 
So  by previous result 


We have seen that

So we can write  


End of the lecture



















Lecture # 29


Contents:
· Connectedness
· Compactness
· Orientability

Connectedness 
[image: https://encrypted-tbn3.gstatic.com/images?q=tbn:ANd9GcT7iZsH_G_xZ4Nb7N9vMneadeF_EgVCK0Uf8ReW1ydKbwGX_hi2]Definition: 
Let  be a surface. The surface  is connected if for any two points  and  of  there exists a curve segment in  from  to . 



[image: http://upload.wikimedia.org/wikipedia/commons/f/f2/Hyperboloid2.png]Example: Let  be implicitly defined surface 

Then  is disconnected. 
There are no curves in  between points with  and points with .



Compactness
Definition: Let  be a set in a topological space. If for every covering of  by open sets

there exists  and there exist  such that 

[image: http://simomaths.files.wordpress.com/2013/02/compact_spaces.png?w=640]then  is compact. 






Examples:  
· Closed and bounded intervals . 
· Rectangles . 
· Closed and bounded subsets of  .

Compactness of surfaces
Lemma:  A surface  is compact if and only if there exist a  and segments

such that 

[image: ]Proof: 




[image: ]







[image: ]



[image: ]

Compact regions on surfaces
If follows from the previous result that
“A region  in  in compact if it is composed of the images of finitely many segments in ”. 
Examples: 
· A sphere is compact.
· A torus is compact.
· Surface of revolution whose profile curve is closed.
How to check compactness
A continuous real valued function on a closed rectangle  in the plane takes a maximum at some point of . 
 Lemma:
A continuous function  on a compact region in a surface  takes on a maximum at some point of . 
See the book for proof.
Examples of non-compact surfaces
· A cylinder is not compact.
· The disk in is not compact.

Orientability
Definition:
A surface  is orientable if there exists a continuous form on  that is non-zero at every point of . 
Example:
· The plane is a surface. 
The product  is a form on  that is non-zero at every point of . 
Therefore  is an orientable surface. 


Unit normal
A unit normal  on  is a differentiable Euclidean vector field on  that has unit length and is everywhere normal to .
Proposition:
[image: ]A surface  is orientable if and only if there exists a unit normal vector field on . 






Examples of orientable surfaces
· Spheres
· Cylinder
· Surface of revolution
· Implicitly defined surfaces.


End of the lecture





Lecture # 30


[image: ]
Contents:
· Homotopy
· Simply Connectd Surfaces
· Poincare Lemma
· Conditions of Orientability



Homotopy
[image: ]










[image: ]Definition:


[image: ]








Simply Connected Surfaces
[image: ]


Definition:
A surface  is simply connected provided it is connected and every loop in  in homotopic to a constant.
Example:
The plane  is simply connected. In general every Euclidean space is simply connected.
Example: A Sphere is simply connected
[image: ]
[image: ]



[image: http://wpcontent.answcdn.com/wikipedia/en/thumb/9/9e/P1S2all.jpg/400px-P1S2all.jpg]



Not simply connected surfaces
Definition: If  is any differential form, then  is called closed if .
Lemma: Let  be a surface and  a closed form on . Let  be a loop in . If  is homotopic to a constant then

Proof:
[image: ]
[image: ]Example:  minus a point is not simply connected







Definition:  A differential form is exact if it is exterior derivative of another form.
Lemma: Every closed form on a simply connected space is exact.
[image: ][image: ]
[image: ]

[image: ]
[image: ]




[image: ]


[image: ]

[image: ]


Compactness and orientability
Theorem: Every compact surface in  is orientable.
The theorem is a consequence of the following result.

Jordan-Brouwe-Separation theorem
A compact surface in  separates  into two non-empty sets, an exterior and an interior.


Connectedness and orientability
Theorem: Every simply connected surface in  is orientable.





End of the lecture










Lecture # 31 

[image: http://www.math.sjsu.edu/~simic/Pics/Calabi-Yau.jpg]
Contents:
· Abstract Surfaces
· Manifolds


Abstract Surfaces
Abstract patch
Let  be any set.
An abstract patch in  is a function 

that satisfies the following
·  is injective.
·  is an open set in .
Definition
An abstract surface is a pair  such that  is a set of abstract patches in , and such that the following three axioms are satisfied:
· The covering axiom: The union of the images of the patches in  is equal to .
· The smooth overlap axiom: If  are elements of  then  and  are differentiable functions from open sets in  into .
· [image: ]The Hausdorff axiom: If  and  are different points in  then there are disjoint patches  such that  is in the image of  and  is in the image of .









Open sets of a surface
Let  be an abstract surface. 
An open set of  is any union of sets  such that  and  is open subset of the domain of .

The projective plane
Let  be a patch in .
Call  a small patch if  is contained in a hemisphere of . So  is not subset of  for all . 
If  is small, then  is injective. Therefore  is an abstract patch in . 
is an abstract surface
It is clear that  satisfies the covering axiom (1). 
Is also satisfies the Hausdorff axiom (3).
This is easy to show, because the domain  of every patch has the Hausdorff property: for any two given distinct points there are disjoint open sets around them.
What about the smooth overlap axiom?
  satisfies the smooth overlap axiom
Assume that  and there is a point  which is in the image of both  and . Then either the images of  and  in  both contain  or  or one contains  and the other contains .
If  and  overlap in , then 

and  we know that  is differentiable. 
If  and  do not overlap, then  and  overlap instead.

which proves that  and  satisfies the smooth overlap 
condition.
Surfaces in 
A surface in  is an example of an abstract surface, if we explain  as the set of patches that is used to construct . 
By definition  and  are different surfaces if .
We will assume that the set  of patches in an abstract surface  is as large as possible. 
So all patches in  that satisfies the overlap condition with all elements of  also have to be in .
Sometimes we only speak of the surface  when we mean the abstract surface .
Curves in abstract surface
Let  be an abstract surface. A curve in  is a function 

Such that  has a velocity vector  for every .
Definition:
A velocity vector of a function  is a function  such that for every differentiable function  

We notice that differential forms and integration on surfaces can all be explained in terms of velocity of curves. 

Manifold
An dimensional manifold is a pair , where  is a set of points, and  is a set of abstract patches  injective, with  an open set, satisfying:
· The covering axiom: The union of the images of the patches in  is equal to .
· The smooth overlap axiom: If  are elements of  then  and  are differentiable functions from open sets in  into .
· The Hausdorff axiom: If  and  are different points in  then there are disjoint patches  such that  is in the image of  and  is in the image of .
Example: 
· An abstract surface is precisely the same as a dimensional manifold. 
·  is an example of an dimensional manifold.
Tangent bundle of a surface
Let  be a surface in  (or abstract surface, or dimensional manifold).
Let  be the set of all tangent vectors to  at all points. 
Then  is the tangent bundle of .
Example:
An element of  corresponds to a pair . Since  and  each has dimension . We expect that  has dimension .
Let  be any patch in . 
Let 
Let  be defined as

Then is injective, and if  is the set of all derived patches of patches in , then  satisfies the definition of a manifold. 
If follows that  is a dimensional manifold.

End of the lecture

Lecture # 32

[image: ]
Contents:
· Geodesic Curves
· Examples



Geodesic Curves

Definition:
Let  be a surface in . The  is a geodesic of  if  is normal to .
Remark: Geodesics is a curve that does not turn right or left on . It only moves up and down to stay on  itself.
Properties of geodesics
· A geodesic has constant speed 
· [image: http://www.themathlab.com/dictionary/gwords/greatcircle.gif]Every straight line is a geodesic

Geodesics on spheres
· Let  be a sphere with center  in . Let  be a plane in  through . Then  is a great circle.

Great circles are geodesics
Assume that  is a parametrization of a great circle on .
We know that  at every point of  points towards the  of the circle. 
This implies that  is normal to . 
It follows that  is a geodesic. 


Geodesics on cylinders
[image: http://api.ning.com/files/MmcEgHQvNOST9wqNA6NKGSWV289ck8XqdGRjDgi-4ftBiSzmcDoYauOlvCSDrUUFgQEfNVNJikajaFTDntfLQViR4vG0Ts8D/geodesics.png]Geodesics are helices on cylinders




Assume that  is a circular cylinder  in .
Let  be any curve in . 
For every  we have .
So if  is normal to , then . This implies 
                              
For constants . The speed of  is .
The speed is constant if and only if is constant . 
Thus if and only in 
.
It follows that a geodesic is a curve of the form
 
If  and  are non-zero then this is a helix.
If  and  then  is a circle around the axis. 

Closed geodesics
Assume that  is a segment of a geodesic. 
If  and  then  is a closed geodesic. 
Example: 
Every geodesic on a sphere is closed.
Example:
A geodesic on a cylinder is closed only if it is a circle around 
the -axis.

Geodesics in orthogonal planes
Theorem: Assume that  is a unit speed curve in . Let there exist a plane  such that 

If  is orthogonal to  at every point of , then  is a geodesic. 
Proof:
Let  has a constant speed. This implies that 
We know that 

And . Since  is orthogonal to , this implies that  is orthogonal to . 
So  is a geodesic.
 
Surface of revolution
If  is a surface of revolution, then every meridian in  is a geodesic.
Proof:
Every meridian is the intersection of  with a plane  that contains the rotation axis. 
Such a plane is orthogonal to  at every point. 
It follows from the previous result that a meridian is a geodesic.
[image: ]
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Assume that M is compact.

To each p € M there is a patch x, : D, — M with p €x,(D,,).

Let R, C D, be a rectangle such that x,(R,,) contains an open set %, with p € %,.
Since M is compact, there exist py, pa, ..., px such that

k
7y (Rp;) €M =M= Uy, (Rp,).
=1

k k
mM=Uz,cU
j=1 i=1
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Let R be a closed rectangle and X : R — M a 2-segment in M.

We assume that x is defined and is differentiable on an open set D D R.
Let %y (o €J) be open sets such that X(R) C Ugey Zer -

To L’iLh r € R there is a set %, With X(r) € Z, -

Since x is continuous, the set A = x~1(%, ) C D is open.

Obviously r € A, 50 R C Uyeg S

R is a compact set in 2, hence there exist 71,72, ...,r% € R such that R C U‘;:l N

It follows that
3 3

x(R)c Ux(#) = U\(\ (%)) = U %,

=1 j=1 =1
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Assume that there exists a k € N and 2-segments

Xj:Rj—M for j=12,..., k

K
such that -~ M = |J xj(R;)-
=1

Let %y (o €J) be open sets such that M C Ugey Za-

Since each x;j(R;) is compact and is a subset of M, there are finitely many of the % that cover X;(R;).
Since M is the union of finitely many xj(R;), cach covered by finitely many %, also M is covered by
finitely many % .

This proves that M is compact.
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Let M be a surface.
Let a: [a,b] =M be a closed curve in M with a(a) = ae(b) = p.

A homotopy from a to a constant is a 2-segment

a,b] % [0,1] = M,

such that &(u) = x(u.0) for all u € [a, b] and x (i, 1) = x(a,v) = x(b.v) = p
forall € [a,b] andall v € [0, 1].
If there exists a homotopy from ¢ to a constant, then ¢ is homotopic to a constant.
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Aloop at piis a curve o [a.b] — M such that &t(a) = a(b) = p.
A loop is differentiable, but usually o (a) # &' (b).
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Assume X : [a.b] x [0,1] — M is a homotopy of ¢ to a constant.
Every u-parameter curve a (1) = x(u,v) is a loop, v € [0, 1].

)
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Every closed curve in the plane is homotopic to a constant
Let « : [a,b] — R? be a loop at p € R%.

Let x(u,v) = va(a) + (1 = v)or(u) for (u,v) € [a,b] x [0,1].
Then x(«,0) = a(u) for all u € [a,b].
And x(u,1) =x(a,v) =x(b,v) = pforall u € [a,b] and v € [0, 1].
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Let o be a loop at a point p on £. We can assume that p is the north pole.

Assume that g € X is a point not on «.

We may assume that ¢ is the south pole.
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For v € [0, 1] move the points of & away from ¢ and closer to p,
so that they all reach p when v = 1.

It only works because it is possible to prove that if « is differentiable,
then « does not go through all points of .
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Assume that X : [a,b] x [0, 1] — M is a homotopy from « to a constant p.
Using Stokes’s Theorem,

0= [ [ao /atb:/ﬂzp /yzp fo=[o.

Since the edge curves ,7,8 are constant (zero velocity).
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Let P be the surface P = R*\ {(0,0)}.
Consider the loop a : [0,27] — P,¢ +— (cost,sint)
that moves once around (0,0).

The 1-form

is closed, since

Jd x Jd y
d t - dxdy = 0.
v <3xx2+_v2 3_\'x2+_\'2> e

And faW: )
24

21
y(—sint,cost)dt = / (costcost —sint(—sint))dr = 2m.
0 0

So « is not homotopic to a constant. And therefore P is not simply connected.
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Every loop on M is homotopic to a constant,
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Let M be a simply connected surface, and let ¢ be a closed 1-form on M.
Let p and g be points on M, let & and 8 be two curve segments from p to g.
Let —fB be an orientation-reversing reparametrization of 3.

Then o+ (—f) = a— B is aloop.




image225.png
Lo-fe=] o=




image226.png
A function f: M — R for which ¢ is the derivative df
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Let pg be a fixed point in M. For p € M define f(p) = [5 0.

where & is any curve segment from pg to p.

Let v be a tangent vector to M at p. We show ¢ (v) = d f(v).

Let o : [a,b] — M be a curve segment with o' (a) = v.
Then o : [a.1] — M,u — o(u) is a curve segment from p to a(r)
for every 7 € [a,b].
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Now & + ¢ is a curve segment from pg to o(#).
By definition of f we get

fla(r)) AH}QQ" AO t AO f(p)+ [:q‘)(a/(u))du,
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We now calculate the derivative of f applied to velocities of o :

df(a(r)) =o' (1)[f] = %f‘(a)(f) =¢(c/(1)).
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END OF THE LECTURE!
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3D Vector Field
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Proof. By definition, the vector field V" assigns to each point p a tangent
vector V(p) at p. Thus, the vector part of V(p) depends on p. so we write
it (vi(p). va(p). va(p))- (This defines v, v,. and vy as real-valued functions on
R®.) Hence

V(p) = (n(p). v(p). v:(p)),
=n(p)L. 0.0), +v:(p)0, 1, 0), + v(p)(0. 0.1),
= n(X(p) + na(p)Ua(p) + 1:(PIV(p)
for each point p.

this means that the vector fields V" and 2\‘,U, have the same (tangent vector)
value at each point. Hence V' = 2\‘,(/}. *
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Y. notation
Usually we will write
Y vilii = ViU +vaUs +v3Us.

Sum and scalar product are expressed as
Y vili+ Y willi = Y (Vi+w)U;

and

FY Vil =Y (fvi)U;.
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The chain rule
Let f: B3 — R be a differentiable function.
Let a:R—Riwsa(t) b:R— Ryt b(t) ¢:R— Rt c(r) be differentiable functions of one
variable 1.
Then
flab,e):R— Ryt f(a(t),b(t),c(1))
is a differentiable function of one variable 7, and

de
dr’

d _af da df db  df
gfabo= F (abye) 7 + F (@b.e) g+ F (a,b,c)
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Let p be any point in R3.
Vlaf +bgl(p)

Def.
Theorem
Def.

V(p)laf +beg
av(p)[f]+bV(p)le]
av[f1(p) +bV[el(p)
(avV[f1+bVg))(p)
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This definition can be interpreted geometrically as follows. The derivative
at 1 of a real-valued function f on R is given by

df L fe+A)- @)
dt 0= phit) At ’

This formula still makes sense if f'is replaced by a curve o = (., &%, o). In
fact,

ot +Ar)— oy ()

i(a(z +A1)-al)) = ( Y

oLt + A —aa(r) ot +AI)—OL3(I))
A ’ A '
This is the vector from (1) to o(r + At), scalar multiplied by 1/Az

Now, as At gets smaller, ot + Ar) approaches of7), and in the limit as
At — 0, we get a vector tangent to the curve ¢ at the point o(7), namely,

do, dao, | dos
(W(I)A ), L (r)].
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Yet another identity
We know the natural frame field defined by

Ui(p) = (1.0,0),,,U2(/)) = (0, 1-0)/7sU5(I7) =(0,0, 1)174

And we can always write for any tangent vector of R” at p:

(v1.v2.v3)p = Y villi(p)-
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So also for o (r):
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Velocity vectors of a straight line
Assume that o is given by a(t) = p +1q.
Then
day d
o E(P/Jrff/i) =4i

o (1) = (q 242:93) () = Dau(r) -
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Velocity vectors of a helix
For the helix o/(r) = (acost,asint,bt) :

o (t)=(—a sint,acost,b)gr).

In the z-direction the velocity remains constant.
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A curve with a cusp
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By definition, a l-form is a function on tangent vectors; thus ¢
and Y fidx; are equal if and only if they have the same value on every

tangent vector v, = > v,U{(p). we saw that

(X fdx,)(v,) = 3 (o).

On the other hand,

$(v,) = 9(XvU.(p) = XvoU.p) = X v./i(p)

since f; = @¢(U). Thus ¢ and z_f;zl.\‘, do have the same value on every
tangent vector.
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If vy = (vi,v2,v3)p is any tangent vector to R”, then

df(vp) =vplf Z\,
af

af af
Llom=% a.\-f, (Phsitvp) = (L 5L o),

hence the two 1-forms d f and ) g—{d.\', are the same.
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oAy = () fidxi)() gidxi)
(fidxi + fadxa + f3dx; ) (grdxy + gadxa + g3dx3)
= (figadxidxa + f1g3dx1dx3 + frgrdxadxy +
+hhg3dxadxs ++fig1dxzdx + f3g2dx3dx)
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d(ony) = d(fgdxdy) =d(fg)Adxdy

I8 yeavay
dz

d af
= (f(% +gaf‘i)dxdydz.
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dony = d(fdx)Ngdy = (df Ndx)Agdy

d
= gdfANdxdy= afdzd\d*
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Fu(v)=6'(0)
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IfF = (fi.fo. f3). then B =F(a) = (fi(a), (@), ().





