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Functional analysis is an abstract branch of mathematics that originated from classical analysis. The impetus came from applications: problems related to ordinary and partial differential equations, numerical analysis, calculus of variations, approximation theory, integral equations, and so on. In ordinary calculus, one dealt with limiting processes in ﬁnite dimensional vector spaces (R or Rn), but problems arising in the above applications required a calculus in spaces of functions (which are inﬁnite dimensional vector spaces).
Functional analysis is a branch of mathematical analysis, the core of which is formed by the study of vector spaces endowed with some kind of limit-related structure (e.g. inner product, norm, topology, etc.) and the linear operators acting upon these spaces and respecting these structures in a suitable sense. The historical roots of functional analysis lie in the study of spaces of functions and the formulation of properties of transformations of functions such as the Fourier transform as transformations defining continuous, unitary etc. operators between function spaces. This point of view turned out to be particularly useful for the study of differential and integral equations.
The usage of the word functional goes back to the calculus of variations, implying a function whose argument is a function and the name was first used in Hadamard's 1910 book on that subject. However, the general concept of functional had previously been introduced in 1887 by the Italian mathematician and physicist Vito Volterra. The theory of nonlinear Functionals was continued by students of Hadamard, in particular Fréchet and Lévy. Hadamard also founded the modern school of linear functional analysis further developed by Riesz and the group of Polish mathematicians around Stefan Banach.
In modern introductory texts to functional analysis, the subject is seen as the study of vector spaces endowed with a topology, in particular infinite dimensional spaces. In contrast, linear algebra deals mostly with finite dimensional spaces, and does not use topology. An important part of functional analysis is the extension of the theory of measure, integration, and probability to infinite dimensional spaces, also known as infinite dimensional analysis.






Vector Spaces
Let V be an arbitrary nonempty set of objects on which two operations are defined: addition, and multiplication by scalars (numbers). By addition we mean a rule for associating with each pair of objects u and v in V an object  u + v, called the sum of u and v; by scalar multiplication we mean a rule for associating with each scalar k and each object u in V an object , called the scalar multiple of u by k. If the following axioms are satisfied by all objects u, v, w in V and all scalars k and m belong to field K, then we call V a vector space and we call the objects in V vectors.
1. If u and v are objects in V, then u + v is in V
2. u + v = v + u
3. u + (v + w) = (u + v) + w
4. There is an object 0 in V, called a zero vector for V, such that 0 + u = u + 0 = u for all u in V.
5. For each u in V, there is an object -u in V, called a negative of u, such that u + (-u) = (-u) + u = 0.
6. If k is any scalar and u is any object in V, then ku is in V.
7. k(u  + v) = ku + kv
8. (k + m)u = ku + mu
9. k(mu) = (km)(u)
10.  1u = u. 
  
Examples of Vector Spaces
Example 1       is a vector space.
The set with the standard operations of addition and scalar multiplication satisfies all axioms of vector space. Take  , and we now see that this is a  real vector  space  with  the  two  algebraic  operations  defined  in  the  usual fashion 
 
  where  belongs to .

Example 2     The space  (the set of all continuous real valued functions defined on ) forms a  real vector space with  the algebraic operations defined  in  the  usual way: 
 
  (). 
In fact,   and   are continuous real-valued functions defined on  if   and   are such functions and   is real.

Example 3   The space  (the space of two sum-able sequence space) with the algebraic operations defined as usual in connection with sequences, that is, 
 
 
is a vector space.	

Normed Space
Deﬁnition	Let X be a linear space over a ﬁeld K, where K = R or C. A norm on X is a real-valued function  which satisﬁes the following conditions:
N1:  for all  and = 0 if and only if ;
N2:  =  for all ;
N3:  ≤   for arbitrary .
A linear space with a norm deﬁned on it is called a normed linear space.
Condition N3 is called the Triangle Inequality.

Examples: 
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Metric Spaces
Definition  A  metric  space  is  a  pair , where   is  a  set and   is  a metric on , that is,  a function  such that for all  we have: 
(M1)  d is real-valued, finite and nonnegative. 
(M2)   if and only if 
(M3)                    (Symmetry)
(M4)     (Triangle inequality)
The symbol   denotes the Cartesian product of sets: A  B is the set of all ordered pairs (a, b), where    and .  Hence   is the set of all ordered pairs of elements of .

Examples 
Example 1  (Real  line R). This is the set of all real numbers, taken with the usual metric defined by   
Example 2  (Euclidean plane R2).  The metric space R2, called the Euclidean plane, is obtained if we take the set of ordered pairs of real numbers, written  etc.,  and  the  Euclidean  metric defined  by 
Another  metric  space  is  obtained  if  we  choose  the  same  set  as before but another metric    defined  by 
This illustrates the important fact that from a given set (having more than one element) we can obtain various metric spaces by choosing different metrics. The metric space with metric   does not have a standard name.   is sometimes called the taxicab metric. 
Example (Euclidean space , unitary space , complex plane  C). The previous examples are special cases of n-dimensional Euclidean space . This space is obtained if we take the set of all ordered n- tuples of real numbers, written  etc., and the Euclidean metric defined by 
The -dimensional unitary space  is the space of all ordered n- tuples of complex numbers with metric defined by 
When   this is the complex plane C with the usual metric defined by . 
( is sometimes called complex Euclidean -space.) 

Example (Sequence space ).  As  a  set    we  take  the  set  of  all  bounded  sequences  of  complex numbers;  that is,  every element of X  is  a  complex  sequence  briefly  such  that  for  all   we  have where   is a  real  number  which  may  depend  on  ,  but  does  not depend on  . We choose the metric defined by   where y = ()   and , and sup denotes  the supremum (least upper bound). The metric space thus obtained is generally denoted by .   is a sequence space because each element of  is a sequence.
Example (Function space ).  As a set  we take the set of all real-valued functions  which are functions of an independent real variable  and are defined and continuous on a given closed interval   Choosing the metric defined by 
, where max denotes the maximum, we obtain a metric space which is denoted by .  (The letter   suggests "continuous") This is a function space because every point of    is a function. 
Example (Discrete metric space). We take any set  and on it the so-called discrete metric for ,  defined  by 
. 
This space is called a discrete metric space. It rarely occurs in applications. However, we shall use it in examples for illustrating certain concepts (and traps for the unwary).  
Example (Space  of bounded functions). By definition, each element  is  a  function defined  and bounded on a given  set , and the metric is defined by 
, where sup denotes the supremum. We write  for   in the case of an interval .
Example (Space . Let  be a fixed  real number. By definition, each  element  in  the  space    is  a  sequence   of numbers such that  converges;  thus 
       (, fixed) 
and the metric is defined by 
where  and .

Holder Inequality for sums
	  where  with .

Cauchy-Schwarz Inequality for sums
If we take ,  then   and Holder Inequality for sums yields to the Cauchy-Schwarz inequality 
	

Minkowski Inequality for sums
	  where .

Balls and Sphere 
Definition  (Ball and sphere).  Given a point  and a real number , we define three types of sets: 
 (Open ball)
 (Closed ball)
 (Sphere)
In all three cases,  is called the center and  the radius. We see that an openball of radius  is the set of all points in  whose distance from the center of the ball is than r. Furthermore, the definition immediately implies that 
.

Definition (Open set, closed set). A subset  of a metric space  is said to be open if it contains a ball about each of its points. A subset  of  is said to be closed if its complement (in ) is open, that is,    is  open.

An open ball  of radius  is often called an  -neighborhood of  where,  > 0. By a neighborhood of  we mean any subset of X which contains an -neighborhood of  
We see directly from the definition that every neighborhood of  contains ;  in other words,  is  a point of each of its neighborhoods. 
And  if  N  is  a  neighborhood  of    and  NM,  then  M  is  also  a neighborhood  of . 
We call  an interior point of a set MX if M is a neighborhood of . The interior of M is the set of all interior points of M and may be denoted by  or  but there is no generally accepted notation.   is open and is the largest open set contained in M. 
It is not difficult to show that the collection of all open subsets of , call  it  , has the following  properties: 
(Tl)   ,   
(T2)  The union of any members of  is a member of . 
(T3)  The intersection of finitely many members of  is a member of .

Open  sets  also  play  a  role  in  connection with  continuous  mappings,  where  continuity  is  a natural generalization of the continuity known from calculus and is defined as follows. 
Definition (Continnous mapping).  Let  and  be metric spaces. A mapping T: XY is said to be continuous at a  point  if for every   there is a  such  that 
  for all  satisfying . 
 is said to be continuous if it is continuous at every point of .

Theorem  (Continuous  mapping). A mapping  of a metric space  into a metric space  is continuous if and only if the inverse image of any open subset of  is an open subset of .

Definition  (Dense set, separable space).  A subset  of a metric space  is said to be dense in  if . 
 is said to be separable if it has a countable subset which is dense in .

Hence  if  M  is  dense  in X,  then  every  ball  in X,  no matter how small, will contain points of M; or,  in other words,  in this case  there  is no point x E  X  which has  a neighborhood  that does not contain points of M. 
Let us consider some important examples of separable and nonseparable spaces, so that we may become  familiar with  these  basic concepts. 

Examples 

Example The real line  is separable. 
Proof.  The set Q  of all rational numbers is countable and  is dense  in .
 
Example The complex plane  is separable.
Proof.  A countable dense subset of  is the set of all complex numbers whose real and imaginary parts are both rational.

Example  A discrete metric space  is separable if and only  if  is countable. 
Proof.  The kind of metric implies that no proper subset of X can be dense in X. Hence the only dense set in X is X itself, and the statement follows.

Example The space is not separable. 
Proof.  Let  be a sequence of zeros and ones. 
Then .  With  we associate the real number  whose binary representation is we now use the facts the set of points in the interval  is uncountable, each  has a binary representation, and different ’s have different binary representations. Hence there are uncountably many sequences of zeros and ones. The metric on  shows that any two of them which are not equal must be of distance 1 apart. If we let each of these sequences be the center of a small ball, say, of radius 1/3, these balls do not intersect and we have uncountably many of them.  If  is any dense set in , each of these nonintersecting balls must contain an element of M.  Hence  cannot be countable. Since  was an arbitrary dense set, this shows that  cannot have dense subsets which are countable. Consequently,  is not separable.

Example The space   with  is separable. 
Proof.  Let  be the set of all sequences y of the form 
	 
where  is any positive integer and the  's  are  rational.  is countable. We show that  is dense in .  Let )  be arbitrary. Then for every  there is an  (depending on ) such that   because on the left we have the remainder of a converging series. Since the rationals are dense in , for each  there is a rational  close  to it.
Hence we can find a   satisfying

It follows that 
. 
We thus have   and see that  is dense in .

Definition (Convergence of a sequence, limit).  A sequence  in a metric space   is said to converge or to be convergent if there is an  such that . 
 is called the limit of   and we write  or  as .

We say that  converges to  or has the limit .  If  is not convergent, it is said to be divergent.
We call a nonempty subset MX a bounded set if its diameter

. 
is finite.  And we call a sequence  in X a bounded sequence if the corresponding point set is a bounded subset of X.

Lemma  (Boundedness, limit). Let  be a metric space. 
Then: 
(a)  A convergent sequence in  is bounded and its limit is unique. 
(b)  If as   and as  in X,  then  d(as 

Definition (Cauchy sequence).  A sequence  in a metric space   is said to Cauchy if for every  there exists a natural number  such that
	   for all   
or
	 as 

The space is said to be complete if every Cauchy sequence in X converges (that is, has a limit which is an element of X). 

Expressed in terms of completeness, the Cauchy convergence criterion implies the following. 
Theorem  (Real line, complex plane).  The real line and the complex plane are complete metric spaces. 

Theorem  (Convergent sequence). Every convergent sequence in a metric space is a Cauchy sequence. 
Proof.  If as ,  then for every , there is an  such that 
   for all . 
Hence by the triangle inequality we obtain for 
	 +  =     for all .
This shows that  is Cauchy.

Theorem  (Closure,  closed  set).  Let  be a nonempty subset of a metric space  and  its closure. 
Then: 
(a)    if and  only  if there  is  a  sequence ()  in  such that as . 
(b)   is closed if and only if the situation  with as  implies that.

Theorem  (Complete  subspace).  A subspace  of a complete metric space  is itself complete if and only if the set  is closed in . 
Proof.  Let  be complete. Then, for every  there is a sequence () in  which converges to . Since () is Cauchy and M is complete, () converges in M, the limit being unique. Hence . This proves that  is closed because  was arbitrary. 
Conversely, let  be closed and () Cauchy in M. Then
which implies, and  since by assumption. Hence the arbitrary Cauchy sequence () converges in , which proves completeness of M.

Theorem  (Continuous mapping). A mapping  of a metric space  into a metric space  is continuous at a point  if and only if   implies 

Examples of  Completeness 
In various applications a set  is given (for instance, a set of sequences or a set of functions), and  is made into a metric space. This we do by choosing a metric  on . The remaining task is then to find out whether  has the desirable property of being complete. To prove completeness, we take an arbitrary Cauchy sequence    in and show that it converges in .  For different spaces, such proofs may vary in complexity, but they have approximately the same general pattern: 
(i)  Construct an element   (to be used as a limit). 
(ii)  Prove that  is in the space considered. 
(iii)  Prove convergence   (in the sense of the metric). 

We shall present completeness proofs for some metric spaces which occur quite frequently in theoretical and practical investigations.

Examples 
Example  Euclidean space  and unitary space  are complete.

Example The space  is complete.

Example The space  consists of all convergent sequences  of complex numbers, with the metric induced from the space .  The space  is complete •

Example The space   is complete for fixed   with .

Example The function space   is complete for closed interval.

Example The Space  it the set of all rational numbers with the usual metric given by , where  , and is called the rational  line. Space  is not complete.

Definition  (Isometric  mapping,  isometric  spaces).  Let  and  be metric spaces. Then: 
(a)  A mapping  of  into  is said to be isometric or an isometry if  preserves distances, that  is, if for all , 
, 
where  and  are the images of  and , respectively. 
(b)  The space  is said to be isometric with the space  if there exists a bijective isometry of  onto. The spaces  and  are then called isometric spaces.

Theorem (Completion). For a metric space  there exists a complete metric space  which has a subspace  that is isometric with  and is dense in . This space  is unique except for isometries, that is, if  is any complete metric space having a dense subspace  isometric with X, then  and  are isometric.

Subspaces
A subspace of a vector space  is a nonempty subset  of  such that for all  and all scalars we have . Hence Y is itself a vector space, the two algebraic operations being those induced from X. 
A special subspace of X is the improper subspace Y = X. Every other subspace of X ( is called proper.
Another special subspace of any vector space X is Y = {0}. 

A linear combination of vectors  of a vector space X is an expression of the form 
	
where the coefficients  are any scalars. 

For any nonempty subset MX the set of all linear combinations of vectors of M called the span of M, written span M.

Obviously, this is a subspace Y of X, and we say that Y is spanned or generated by M. 
We shall now introduce two important related concepts which will be used over and over again. 

Definition  (Linear  independence,  linear  dependence).  
Linear independence and dependence of a given set M of vectors   (for  in  a vector space X are defined by means of the equation
		    			     (A)
where  are coefficients. Clearly, equation (A) holds for .  If this is the only m-tuple of scalars for which (A) holds, the set M is said to be linearly independent. M is said to be linearly dependent if M is not linearly independent, that is, if (A) also holds for some m-tuple of scalars, not all zero. 
An arbitrary subset M of X is said to be linearly independent if every nonempty finite subset of M is linearly independent. M is said to be linearly dependent if M is not linearly independent.

Definition  (Finite and infinite dimensional vector spaces). 
A vector space X is said to be finite dimensional if there is a positive integer n such that X contains a linearly independent set of n vectors whereas any set of n+1 or more vectors of X is linearly dependent.  n is called the dimension of X, written  X. By definition,  is finite dimensional and X.  If X is not finite dimensional, it is said to be infinite dimensional. 

If , a linearly independent n-tuple of vectors of X is called a basis for  (or a basis in X).  If {,} is a basis for X, every has a unique representation as a linear combination of the basis vectors:
	.

Theorem  (Dimension of a subspace).  Let X be an n-dimensional vector space. Then any proper subspace Y of X has dimension less than n.

Definition (Normed space, Banach space).  A normed space X is a vector space with a norm defined on it. A Banach space is a complete normed space (complete in the metric defined by the norm). Here a norm on a (real or complex) vector space X is a real-valued function on X whose value at an   is denoted by 	

A norm on X defines a metric  on X which is given by
 
and is called the metric induced by the norm. The normed space just defined is denoted by () or simply by X. 

Lemma (Translation invariance). A metric  induced by a norm on a normed space X satisfies  
(a)    
(b)    
for all   and every  scalar b.

Theorem (Subspace of a Banach space).  
A subspace Y of a Banach space X is complete if and only if the set Y is closed in X. 

Convergence of sequences and related concepts in normed spaces follow readily from the corresponding definitions for metric spaces and the fact that now : 
(i) A sequence () in a normed space X is convergent if X contains an  such that 
. 
(ii) A sequence () in a normed space X is Cauchy if for every  there is an  such that for all 



Theorem  (Completion). Let   be a normed space. Then there is a Banach space X and an isometry  from  onto a subspace  of  which is dense in X. The space  is unique, except for isometries.

Lemma (Linear Combinations). Let {} be a linearly independent set of vectors in a normed space X (of any dimension). Then there is a number  such that for every choice of  scalars , an we have 
                   ().

Theorem (Completeness). Every finite dimensional subspace  of a normed space  is complete. In particular, every finite dimensional normed space is complete.

Theorem (Closedness).  Every finite dimensional subspace Y of a normal space X is closed in X.

Definition  (Equivalent norms). A norm  on a vector space X is said to be equivalent to a norm  on X if there are positive numbers  and  such that for all  we have
.

This concept is motivated by the following fact. 
Equivalent norms on X define the same topology for X.


Theorem  (Equivalent  norms). On a finite dimensional vector space X, any norm  is equivalent to any other norm.

Definition (Compactness).  A metric space X is said to be compact if every sequence in X has a convergent subsequence. A subset M of X is said to be compact if M is compact considered as a subspace of X, that is, if every sequence in M has a convergent subsequence whose limit is an element of M.  

A general property of compact sets is expressed in:
Lemma (Compactness). A compact subset M of a metric space is closed and bounded. The converse of this lemma is in general false.

However, for a finite dimensional normed space we have:
Theorem (Compactness). In a finite dimensional normed space X, any subset MX is compact if and only if M is closed and bounded.

F. Riesz's Lemma.  Let Y and Z be subspaces of a normed space X (of any dimension), and suppose that Y is closed and is a proper subset of Z. Then for every real number  in the interval  there is a  such that 
,  for all .

Theorem (Finite dimension). If a normed space X has the property that the closed unit ball  is compact, then X is finite dimensional.

Theorem (Continuous mapping). Let X and Y be metric spaces and  a continuous mapping. Then the image of a compact subset M of X under T is compact.

Corollary (Maximum and minimum).  A continuous mapping T of a compact subset M of a metric space X into R assumes a maximum and a minimum at some points of M.

Definition  (Linear  operator). A linear operator T is an operator such that 
(i) the domain D(T) of T is a vector space and the range R(T) lies in a vector space over the same field,
(ii) for all  and scalars a, 
 
. 

Observe the notation; we write  instead of ;  this simplification is standard in functional  analysis. Furthermore, we shall use the following notations. 
 denotes the domain of . 
 denotes the range of . 
 denotes the null space of . 
By definition, the null space of  is the set of all  such that .

Examples 
Example Identity operator. The identity operator  is defined by for all . We also write simply  for ;  thus, . 
Example Zero operator. The zero operator  is defined by  for all . 
Example Differentiation. Let X be the vector space of all polynomials on. We may define a linear operator  on X by setting  for every x  X, where the prime denotes differentiation with respect to . This operator T maps X onto itself.

Theorem  (Range  and  null  space). Let T be a linear operator. 
Then: 
(a)  The range   is a  vector space. 
(b)  If , then . 
(c)  The null space  is a vector space.

Theorem (Inverse operator).  Let   be vector spaces, both real or both complex. Let  be a linear operator with domain   and range . Then: 
(a)  The inverse    exists if and only  if  for . 
(b)  If  exists, it is a linear operator.
(c) If   and  exists, then .

Lemma (Inverse of product).  Let   and  be bijective linear operators, where  are vector spaces. Then the inverse   of  the product (the composite) ST exists, and 

Definition (Bounded linear operator). Let X and Y be normed spaces and    a linear operator, where .  The operator T is said to be bounded if there is a real number c such that for all , 
	. 

Norm of T is denoted by   and

or equivalently 
	.

Examples 
Example Identity operator. The identity operator   on a normed space  is bounded and has norm . 
Example Zero operator. The zero operator  on a normed space  is bounded and has norm . 
Example Differentiation operator. Let X be the normed space of all polynomials on  with norm given . A differentiation operator  is defined on  by  where the prime denotes differentiation with respect to . This operator is linear but not bounded. Indeed, let , where nN. 
Then  and 

so that   and . Since  is arbitrary, this shows that there is no fixed number  such that .  From this, we conclude that  is not bounded.

Boundedness is typical; it is an essential simplification which we always have in the finite dimensional case, as follows.
Theorem (Finite dimension). If a normed space  is finite dimensional, then every linear operator on X is bounded.

Theorem (Continuity and boundedness). Let  be a linear operator, here  and X,Yare normed spaces. 
Then: 
(a)   is continuous if and only if  is bounded.
(b)  If  is continuous at a single point, it is continuous.
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3. The sequence space ¢>°. This example and the next one give a first impression of how
surprisingly general the concept of a normed space is.

Let £ denote the vector space of all bounded sequences, with the addition and scalar
multiplication defined earlier in (1.1)-(1.2).

Define
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Then it is easy to check that || - ||« is a norm, and so (£, || - | ) is a normed space.
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. The function space Cla,b]. Let a,b € R and a < b. Consider the vector space comprising
functions that are continuous on [a, b, with addition and scalar multiplication defined earlier
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