Lecture 32

         Laplace Equations


Laplace Equation 
In this lecture we are going to discuss the Laplace equation.  Although we shall not present its derivation, Laplace’s equation in two and three dimensions occurs in time independent problems involving potentials such as electrostatic, gravitational and velocity in fluid mechanics. 
Moreover, the solution of the Laplace’s equation can also be interpreted as a steady-state temperature distribution.

As illustrated in Figure (a) solution 
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could represent the temperature that varies from point to point but not with time of a rectangular plate. Laplace equation two dimension and three dimension is given as 
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are called the two-dimensional Laplacian and the three-dimensional Laplacian, respectively of a function u. 
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                                  Figure (a): Steady-state temprature in a rectangular plate

Solution of the Laplace equation

Final Wave Equation along with initial and boundary conditions:
Suppose we wish to ﬁnd the steady-state temperature 
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 in a rectangular plate whose vertical edges 
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are insulated, as shown in Figure (b). When no heat escapes from the lateral faces of the plate, we solve the following boundary-value problem:
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                             Figure (b): Steady-state temprature in a rectangular plate

Separation of Variables method:
We assume that the heat equation (1) has the solution of the form 
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, separation of variables gives
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The three homogeneous boundary conditions in (2) and (3) translate into X'(0) = 0,
X'(a) = 0, and Y(0) = 0. The Sturm-Liouville problem associated with the equation
in (4) is then



                                  [image: image13.png]X"+ AX=0, X'(0)=0, X'(a)=0. (©6)

Examination of the cases corresponding to A = 0, A = —a® <0, and A = a® >0,
where @ > 0, has already been carried out in Example 1 in Section 11.4." Here is a
brief summary of that analysis.

For A = 0, (6) becomes

X"=0, X'(0)=0, X'(a)=





[image: image14.png]The solution of the DE is X = ¢, + cox. The boundary conditions imply X = c.
By imposing ¢ # 0, this problem possesses a nontrivial solution. For A = —a? <0,
(6) possesses only the trivial solution. For A = a? >0, (6) becomes

X' +a’X=0, X'(0)=0, X'(a)=





[image: image15.png]The solution of the DE in this problem is X = ¢ cos ax + ¢ sin ax. The boundary
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condition Y(0) = 0. There are two cases. For Ag = 0, equation (5) is simply ¥" =
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 [image: image18.png]hyperbolic form of the general solution:





[image: image19.png]Y = ¢ cosh (nmy/a) + ¢ sinh (nmy/a).




[image: image20.png]Y(0) = 0 again implies that c3 = 0, so we are left with ¥ = ¢4 sinh (n7y/a).
Thus product solutions u,, = X(x) Y(y) that satisfy the Laplace’s equation (1) and
the three homogeneous boundary conditions in (2) and (3) are
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where we have rewritten ¢ cs as Ag forn = OQand as A, forn = 1,2, .





[image: image22.png]The superposition principle yields another solution:
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‘We are now in a position to use the last boundary condition in (3). Substituting
x = bin (7) gives

u(x,b) = f(x) = Agh + 3, (A,, sinh 22 b) cos 2y,
n=1 a a
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we get
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[image: image25.png]The solution of the boundary-value problem (1)—(3) consists of the series in (7),
with coefficients A and A, defined in (8) and (9), respectively.




Note: Please see the video carefully for further details and for solution problem 2(Practice exercise).  

Practice Exercise
Solve the  Laplace equation (1) for a rectangular plate subject to the given boundary conditions 
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