Lecture 31

         Wave Equations


Wave Equation 
In this lecture we are going to discuss the wave equation. We will discuss about the basic assumptions and derivation of the equation. Moreover, the solution of the wave equation will be presented by using the separation of variables method.
Derivation of the Wave Equation:
Consider a string of length L, such as a guitar string, stretched taut between two points on the x-axis say, 
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 . When the string starts to vibrate, assume that the motion takes place in the xu-plane in such a manner that each point on the string moves in a direction perpendicular to the x-axis (transverse vibrations). As is shown in Figure 1(a), let 
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 denote the vertical displacement of any point on the string measured from the x-axis for 
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We further assume the following:
• The string is perfectly ﬂexible.

• The string is homogeneous; that is, its mass per unit length 
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 is a constant.

• The displacements u are small in comparison to the length of the string.

• The slope of the curve is small at all points.

• The tension T acts tangent to the string, and its magnitude T is the same at all points.

• The tension is large compared with the force of gravity.

• No other external forces act on the string.
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                                         Figure 1(a): Segment of the string
Now in Figure 1(b) the tensions 
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 are tangent to the ends of the curve on the interval 
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the net vertical force acting on the corresponding element 
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 of the string is then
                                           [image: image13.png]



                                     Figure 1(b): Enlargement of the Segment 
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where T=|T;| = |T,|. Now p As =~ p Ax is the mass of the string on [x, x + Ax],
so Newton’s second law gives
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If the limit is taken as Ax — 0, the last equation becomes u,, = (p/T)uy. This of
course is (2) with a®> = T/p.




Initial and Boundary conditions:
On the other hand, for a vibrating string we can specify initial displacement (or shape)  
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  as well its velocity
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. In mathematical terms we seek a function 
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 that satisfy the wave equation and the two initial conditions


[image: image19.wmf]L

x

g(x)

t

u

x

f

x

u

<

<

=

¶

¶

=

=

0

   

          

,

 

  

),

(

)

0

,

(

0

t

.
For example, the string could be plucked, as shown in Figure 2 and released from rest (
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The string in the Figure 2 is secured to x-axis 
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 for all time 
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. We interpret this by two boundary conditions
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                                                    Figure 2: Plucked string
Solution of the wave equation

Final form of wave equation along with initial and boundary conditions:
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Separation of Variables method:
We assume that the heat equation (1) has the solution of the form 
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[image: image31.png]As in the preceding section, the boundary conditions (2) translate into X(0) =0
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Setting # = 0 in (8) and using the initial condition u(x, 0) = f(x) gives

u(x, 0) = f(x) = i A,sin ?}c.
=

®)
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The solution of the boundary-value problem (1)-(3) consists of the series (8)
with coefficients A, and B, defined by (9) and (10), respectively.
‘We note that when the string is released from rest, then g(x) = 0 for every x in
the interval [0, L], and consequently, B, = 0.




Note: Please see the video carefully for further details and for solution problem 2(Practice exercise).  

Practice Exercise
Solve the  wave equation (1) subject to the given conditions 
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