Lecture 30

         Heat Equations


Classical PDEs and Boundary Value Problems 
Now we are not going to solve anything in this section. We are simply going to discuss the types of partial differential equations and boundary-value problems that we will be studying in the coming lectures. 
The words boundary-value problem have a slightly different than they did in case of ODE. If, say, 
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is a solution of a PDE, where x represents a spatial dimension and t represents time. Then we may say that the value of 
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 or 
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, or a linear combination of 
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, at a speciﬁed x as well as to prescribe 
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 and 
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, at a given time t (usually, 
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). In other words, a “boundary-value problem” may consist of a PDE, along with boundary conditions and initial conditions.
Classical Equations
We shall consider the three classical equations of mathematical Physics with applying the method of separation of variables to ﬁnd their product solutions. These equations are:
One-dimensional heat equation (Parabolic)
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One-dimensional wave equation (Hyperbolic)
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Two-dimensional Laplace equation (Elliptic)
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Heat Equation:


In this lecture we will discuss the heat equation (1).  This equation occurs in the theory of heat ﬂow that is, heat transferred by conduction. Here, we will consider heat flow by conduction in a thin rod or in a thin wire. The function 
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 represents temperature at a point x along the rod at some time t. 
Derivation of the Heat Equation:
Suppose a thin circular rod of length L has a cross-sectional area A and coincides with the x-axis

on the interval 
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. See Figure 1. Further we suppose the following:
• The ﬂow of heat within the rod takes place only in the x-direction.

• The lateral, or curved, surface of the rod is insulated; that is, no heat escapes from this surface.

• No heat is being generated within the rod.

• The rod is homogeneous; that is, its mass per unit volume 
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 is a constant.

• The speciﬁc heat 
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 and thermal conductivity K of the material of the rod are constants.
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                                         Figure 1: One-dimensional flow of heat
Two empirical laws of heat conduction are required to derive the heat equation.
(i) The quantity of heat Q in an element of mass m is
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where 
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 is the temperature of the element.
(ii) The rate of heat ﬂow 
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 through the cross-section indicated in Figure 1 is proportional to the area A of the cross section and the partial derivative with respect to x of the temperature: 
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Here minus sign is due to flow of heat in the direction of decreasing temperature, so that the quantity 
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 remains positive.
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 (heat flow to the right),
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If the circular slice of the rod shown in Figure 1 between x and 
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 is very thin, then 
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 can be taken as the approximate temperature at each point in the interval.  Now the mass of the slice is 
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,  and so it follows from (4) that the quantity of heat in it is
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Furthermore, when heat ﬂows in the positive x-direction, we see from (5) that heat builds up in the slice at the net rate
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Finally, taking limit 
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, we obtain the heat equation (1)
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and k is constant and called as thermal diffusivity.
Initial and Boundary conditions:
For the heat equation we consider a thin rod of length L with an initial temperature  
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Further, we have assumed that the ends of the rod are held at zero temperature for all time 
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, this gives us the two boundary conditions
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                                                    Figure 2: Temprature in a rod of length
Solution of the heat equation

Final Heat Equation along with initial and boundary conditions:
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Separation of Variables method:
We assume that the heat equation (1) has the solution of the form 
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. Then if 
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,is the separation constant, the two equalities
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We obtain two ODEs
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[image: image46.png]Before solving (5), note that the boundary conditions (2) applied to u(x, 1) = X(x)T(r)
are
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Since it makes sense to expect that 7(z) # 0 for all ¢, the foregoing equalities hold
only if X(0) = 0 and X(L) = 0. These homogeneous boundary conditions together
with the homogeneous DE (5) constitute a regular Sturm-Liouville problem:

X"+ AX =0, X0)=0, X{L)=0. (7




Now we consider three possibilities for values of 
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, zero, negative and positive. The corresponding solutions of the DEs are, in turn, given by (You should know the solutions the equation from higher order homogeneous equations)
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[image: image49.png]When the boundary conditions X(0) = 0 and X(L) = 0 are applied to (8) and (9),
these solutions yield only X(x) = 0, and so we would have to conclude that u = 0.




[image: image50.png]But when X(0) = 0 is applied to (10), we find that ¢; = 0 and X(x) = ¢3 sin ax. The
second boundary condition then implies that X(L) = ¢» sin aL = 0. To obtain a non-
trivial solution, we must have ¢ # 0 and sin L = 0. The last equation is satisfied
when aL = nm or a =nw/L. Hence (7) possesses nontrivial solutions when
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Now by super position principle the function  
                                                       [image: image52.png]u(x, 1) = Z,- u, or
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must also, although formally, satisfy equation (1) and the conditions in (2).

Substituting r = 0 into (14) implies that
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[image: image54.png]This last expression is recognized as a half-range expansion of f in a sine series.



  
Here,
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We conclude that a solution of the boundary-value problem described in (1), (2), and
(3) is given by the infinite series

u(x, 1) = i (J f(x) sin 7)( dx)e”‘(" T gin TX (16)



 

Note: Please see the video carefully for further details and for solution problem 2(Practice exercise).  

Practice Exercise
[image: image56.png]In Problems 1 and 2 solve the heat equation (1) subject to the
given conditions. Assume a rod of length L.

1. u(0,) =0, u(L,t)y=0
<x<
(e, 0) = 1, 0 x<L/2
0, L/2<x<L
2. u0,0) =0, wulL,)=0
u(x,0) = x(L — x)
3. Find the temperature u(x, ) in a rod of length L if the

initial temperature is f(x) throughout and if the ends
x = 0and x = L are insulated.




[image: image57.png]4. Solve Problem 3 if L = 2 and

x, 0<x<1
f(x)_{o, l<x<2.
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