Lecture 28

Homogeneous Linear System


Homogeneous Linear Systems

Most of the theory developed for a single linear differential equation can be extended to a system of such differential equations. The extension is not entirely obvious. However, using the notation and some ideas of matrix algebra discussed in a previous lecture most effectively carry it out. Therefore, in the present lecture we will learn to solve the homogeneous linear systems of linear differential equations with real constant coefficients. 

Example 1

Consider the homogeneous system of differential equations
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In matrix form the system can be written as 
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If we suppose that 
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Then the system can again be re-written as
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Now suppose that 
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Now
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Similarly
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Hence, 
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Thus, the solutions vectors
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Note that 

· Each of the solution vectors 
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Where 
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are constants.

· The question arises whether we can always find a solution of the homogeneous system 
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for the homogenous linear 1st order system. 

Eigenvalues and Eigenvectors 

Suppose that 
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is a solution of the system 
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Substituting this last equation in the homogeneous system
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This represents a system of linear algebraic equations. The linear 1st order homogenous system of differential equations  
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has a non-trivial solution 
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This equation is called characteristic equation of the matrix
[image: image45.wmf]A

 and represents an 
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Case 1         Distinct real eigenvalues
Suppose that the coefficient matrix 
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Example 2

Solve the following homogeneous system of differential equations
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Solution
The given system can be written in the matrix form as 
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Therefore, the coefficient matrix 
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Now we find the eigenvalues and eigenvectors of the coefficient
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. The characteristics equation is 
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Therefore, the characteristic equation is
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Therefore, roots of the characteristic equation are real and distinct and so are the eigenvalues.

For
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Hence 
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These two equations are no different and represent the equation
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Thus we can choose value of the constant 
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For 
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Hence 
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Again the above two equations are not different and represent the equation
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Again, the constant 
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 can be chosen arbitrarily. Let us choose 
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Therefore, we obtain two linearly independent solution vectors of the given homogeneous system.
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Hence the general solution of the system is the following 
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This means that the solution of the system is
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Example 3

Solve the homogeneous system
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Solution: 

The given system can be written as
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Therefore the coefficient matrix of the system of differential equations is
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Thus the characteristic equation is
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Expanding the determinant using cofactors of third row, we obtain
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Thus the characteristic equation has real and distinct roots and so are the eigenvalues of the coefficient matrix
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For solving this system we use Gauss-Jordon elimination technique, which consists of reducing the augmented matrix to the reduced echelon form by applying the elementary row operations. The augmented matrix of the system of linear algebraic equations is 
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For
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Appling the row operation
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So that we have the following equivalent system  
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or
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Therefore, the constant 
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We apply elementary row operations to transform the matrix to the following reduced echelon form:
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Again 
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Finally, when 
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The application of the elementary row operation transforms the augmented matrix to the reduced echelon form
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Thus 
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If we choose
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Thus we obtain three linearly independent solution vectors 
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Hence, the general solution of the given homogeneous system is 
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Case 2      Complex eigenvalues
Suppose that the coefficient matrix 
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 in the homogeneous system of differential equations
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has complex eigenvalues.  This means that roots of the characteristic equation  
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Suppose that 
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of the coefficient matrix A with real entries, then the vectors 
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are solution of the homogeneous system.
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Example 4
Consider the following homogeneous system of differential equations
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The system can be written as
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Therefore the coefficient matrix of the system is
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Now using the quadratic formula we have 
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Therefore, it follows that after we choose 
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Similarly for 
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Therefore, it follows that after we choose 
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Consequently, two solution of the homogeneous system are 
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By the superposition principle another solution of the system is 
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Note that 

The entries in 
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Theorem
Real solutions corresponding to a complex eigenvalue

Suppose that 

· 
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Then two linearly independent solutions of the system on 
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Example 5
Solve the system
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The coefficient matrix of the system is
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Therefore 





[image: image181.wmf]28

12

AI

l

l

l

-

æö

-=

ç÷

---

èø


Thus, the characteristic equation is  
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Thus the Eigenvalues are of the coefficient matrix are
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Solving these equations, we obtain
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Example 6
Solve the following system of differential equations
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Solution:

The coefficient matrix of the given system is
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Therefore, by the quadratic formula we obtain
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Thus the eigenvalues of the coefficient matrix are
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Now an eigenvector associated with the eigenvalue 
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So that we have the following two linearly independent solutions of the system
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Hence, the general solution of the system is 
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Exercise

Find the general solution of the given system
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Real and Repeated Eigenvalues
In the previous lecture we tried to learn how to solve a system of linear differential equations having a coefficient matrix that has real distinct and complex eigenvalues. In this lecture, we consider the systems 
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Method of solution:
Consider the following system of  
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 linear differential equations in 
[image: image239.wmf]n

unknowns




[image: image240.wmf]AX

X

=

¢


Suppose that the coefficient matrix has an eigenvalue of multiplicity of 
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. There are two possibilities of the existence of the eigenvectors corresponding to this repeated eigenvalue:

· For the 
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· If there is only one eigenvector corresponding to the eigenvalue 
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, then 
[image: image251.wmf]m

linearly independent solutions of the form
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where the column vectors 
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 can always be found.

Eigenvalue of Multiplicity Two

We begin by considering the systems of differential equations 
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 has an eigenvalue 
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· Whether we can find two linearly independent eigenvectors corresponding to eigenvalue
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Therefore, we suppose that there is only one eigenvector 
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 associated with this eigenvalue and hence only one solution vector
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In this expression for a second solution, 
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 and 
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 are column vectors 
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We substitute the expression for 
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Since this last equation is to hold for all values of 
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 EMBED Equation.3 [image: image273.wmf]






First equation does not tell anything new and simply states that
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must be an eigenvector of the coefficient matrix
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 associated with the eigenvalue
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To find the second solution
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, we only need to solve, for the vector
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, the additional system 
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First we solve a homogeneous system of differential equations having coefficient matrix for which we can find two distinct eigenvectors corresponding to a double eigenvalue and then in the second example we consider the case when cannot find two eigenvectors.

Example 1

Find general solution of the following system of linear differential equations
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Solution:

The coefficient matrix of the system is
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Therefore, the characteristic equation of the coefficient matrix 
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Therefore, the coefficient matrix 
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 of the given system has an eigenvalue of multiplicity two. This means that
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For
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, this system of linear algebraic equations becomes

                                   
[image: image292.wmf]ï

î

ï

í

ì

=

-

=

-

Þ

÷

÷

ø

ö

ç

ç

è

æ

=

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

-

-

0

6

2

0

18

6

0

0

6

2

18

6

2

1

2

1

2

1

k

k

k

k

k

k


However
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Thus 
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This means that the value of the constant 
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The corresponding one solution of the system of differential equations is given by
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But since we are interested in forming the general solution of the system, we need to pursue the question of finding a second solution. We identify the column vectors 
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 and
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Therefore, we need to solve the following system of linear algebraic equations to find 
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Therefore, the number 
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Consequently, the second solution is given by
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Hence the general solution of the given system of linear differential equations is then
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Example 2

Solve the homogeneous system
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Solution: 

The coefficient matrix of the system is:
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To write the characteristic we find the expansion of the determinant:
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Therefore, the characteristic equation is
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Therefore, the eigenvalues of the coefficient matrix 
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 are  
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For
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The augmented matrix of the system is
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By applying the Gauss-Jordon method, the augmented matrix reduces to the reduced echelon form
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By choosing 
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Since neither eigenvector is a constant multiple of the other, we have found, corresponding to the same eigenvalue, two linearly independent solutions
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Last for 
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 we obtain the system of algebraic equations
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The augmented matrix of the algebraic system is
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By the elementary row operation we can transform the augmented matrix to the reduced echelon form
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Picking 
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. Thus a third eigenvector is the following
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Hence, we conclude that the general solution of the system is
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Eigenvalues of Multiplicity Three

When a matrix 
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 has only one eigenvector associated with an eigenvalue 
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of multiplicity three of the coefficient matrix
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, we can find a second solution 
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By substituting 
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into the system 
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The solutions of first and second equations can be utilized in the formulation of the solution 
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 and 
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.

Example 

Find the general solution of the following homogeneous system
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Solution

The coefficient matrix of the system is
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Therefore, the characteristic equation is
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Expanding the determinant in the last equation w.r.to the 3rd row to obtain
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 is an eigenvalue of the coefficient matrix 
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 of multiplicity three. For
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Therefore, the value of 
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Hence the first solution vector
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Now for the second solution we solve the system
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Hence, the vector 
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 is given by
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Therefore, a second solution is
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Finally for the third solution we solve 
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Hence, the vector 
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 is given by
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Therefore, third solution vector is
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The general solution of the given system is
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Practice Exercise

Find the general solution of the give systems
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