Lecture 27

Matrices and Systems of Linear First-Order Equations

Matrices and Systems of Linear First-Order Equations 
Matrix form of a system
Consider the following system of linear first-order differential equations
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Suppose that 
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Then the system of differential equations can be written as 
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 or simply 
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If the system of differential equations is homogenous, then 
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 and we can write
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Both the non-homogeneous and the homogeneous systems can also be written as 
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Example 1

Write the following non-homogeneous system of differential equations in the matrix form 
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Solution:
If we suppose that
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Then, the given non-homogeneous differential equations can be written as 


   
[image: image15.wmf]25

2

43

10

t

dX

et

X

dt

t

æö

-

æö

-

=+

ç÷

ç÷

ç÷

-

èø

èø


or
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Solution Vector
Consider a homogeneous system of differential equations
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A solution vector on an interval 
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 of the homogeneous system is any column matrix
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The entries of the solution vector have to be differentiable functions satisfying each equation of the system on the interval 
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Example 2
Verify that 
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are solution of  the following system of  the homogeneous differential equations
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on the interval (
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Solution: 

Since
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Further
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or
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Similarly
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and 
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Thus, the vectors 
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 satisfy the homogeneous linear system
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Hence, the given vectors are solutions of the given homogeneous system of differential equations.

Note that
Much of the theory of the systems of 
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 linear first-order differential equations is similar to that of the linear 
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-order differential equations.

Initial –Value Problem
Let 
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 denote any point in some interval denoted by 
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 and 
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 are given constants. Then the problem of solving the system of differential equations
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Subject to the initial conditions 
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is called an initial value problem on the interval 
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.

Theorem:   Existence of a unique Solution 

Suppose that the entries of the matrices 
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 in the system of differential equations
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 being considered in the above mentioned initial value problem, are continuous functions on a common interval 
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Superposition Principle 
Suppose that 
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 be a set of solution vectors of the homogenous system 




[image: image49.wmf]()

dX

AtX

dt

=


on an interval 
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. Then the principle of superposition states that linear combination 
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  being arbitrary constants, is also a solution of the system on the same interval
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Note that

An immediate consequence of the principle of superposition is that a constant multiple of any solution vector of a homogenous system of first order differential equation is also a solution of the system.
Example 3
Consider the following homogeneous system of differential equations
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Also consider a solution vector 
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of the system that is given by
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For any constant 
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 the vector 
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 is also a solution of the homogeneous system. To verify this we differentiae the vector 
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Also
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Thus, we have verified that: 
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Hence the vector 
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is also a solution vector of the homogeneous system of differential equations.

Example 4
Consider the following system considered in the previous example 4




[image: image66.wmf]/

101

110

201

XX

æö

ç÷

=

ç÷

ç÷

--

èø


We know from the previous example that the vector
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is a solution of the system
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If
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Then 
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Therefore
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Hence the vector 
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 is a solution vector of the homogeneous system. We can verify that the following vector is also a solution of the homogeneous system. 
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Linear Dependence of Solution Vectors
Let 
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 be a set of solution vectors, on an interval I, of the homogenous system of differential equations
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We say that the set is linearly dependent on 
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if there exist constants 
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Note that
· Any two solution vectors  
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 are linearly dependent if and only if one of the two vectors is a constant multiple of the other. 

· For 
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solution vectors is linearly dependent then we can express at least one of the solution vectors as a linear combination of the remaining vectors.

Linear Independence of Solution Vectors

Suppose that
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 is a set of solution vectors, on an interval I, of the homogenous system of differential equations
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Then the set of solution vectors is said to be linearly independent if it is not linearly dependent on the interval
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.  This means that 
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only when each 
[image: image89.wmf]0.

i

c

=


Example 5 

Consider the following two column vectors
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Since 
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Similarly
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Hence both the vectors 
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are solutions of the homogeneous system
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Now suppose that 
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This means that
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The only solution of these equations for the arbitrary constants 
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Hence, the solution vectors 
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Example 6
Again consider the same homogeneous system as considered in the previous example
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We have already seen that the vectors 
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are solutions of the homogeneous system. We can verify that the following vector 
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is also a solution of the homogeneous system  However, the set of solutions that consists of 
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Exercise 
Write the given system in matrix form.
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Write the given system without of use of matrices
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6. 
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Verify that the vector 
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is the solution of the given system
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