Lecture 26

Systems of Linear First-Order Equations


Systems of Linear First-Order Equation

In the preceding lectures we dealt with linear systems of the form
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where the
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were polynomials in the differential operator 
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The 
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Order System

1. The study of systems of first-order differential equations
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is also particularly  important in advanced mathematics. This system of n first-order equations is called and nth-order system.
2. Every nth-order differential equation
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as well as most systems of differential equations, can be reduced to the nth-order system. 

Linear Normal Form

A particularly, but important, case of the nth-order system is of those systems having the linear normal or canonical form: 
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where the coefficients 
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and the
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are the continuous functions on a common interval 
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. When 
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the system is said to be homogeneous; otherwise it is called non-homogeneous.

Reduction of Equation to a System

Suppose a linear nth-order differential equation is first written as
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If we then introduce the variables
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it follows that 
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 Hence the given nth-order differential equation can be expressed as an nth-order system:
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Inspection of  this system reveals that it is in the form of an nth-order system.

Example 1

Reduce the third-order equation
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or
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to the normal form.

Solution: Write the differential equation as 
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Now introduce the variables
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Hence, we can write the given differential equation in the linear normal form
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Example 2

Rewrite the given second order differential equation as a system in the normal form
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Solution:

We write the given the differential equation as 
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Now introduce the variables
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So that the given differential equation can be written in the form of a system
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This is the linear normal or canonical form.

Example 3

Write the following differential equation as an equivalent system in the Canonical form.
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Solution:

First write the given differential equation as
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dividing by 4 on both sides

or
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Now introduce the variables
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Hence, the given differential equation can be written as an equivalent system. 
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Clearly, this system is in the linear normal or the Canonical form.

 Example 4

Rewrite the differential equation in the linear normal form
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Solution:

First we write the equation in the form
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Then introduce the variables



[image: image40.wmf]12

, 

yxyx

¢

==

 

Then



[image: image41.wmf]12

2

yxx

yx

¢¢

==

¢¢¢

=


Hence, the given equation is equivalent to the following system.
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The system is in the required linear normal or the cnonical form.

Systems Reduced to Normal Form

Using Procedure similar to that used for a single equation, we can reduce most systems of the linear form
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to the canonical form. To accomplish this we need to solve the system for the highest order derivative of each dependent variable. 

Note:

It is not always possible to solve the given system for the highest-order derivative of each dependent variable.

Example 5

Reduce the following system to the normal form.
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Solution: 
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First write the given system in the differential operator form 
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Then eliminate 
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 by multiplying the second equation by 2 and subtracting from first equation to have
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Also 
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We are now in a position to introduce the new variables.  Therefore, we suppose that
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Thus, the expressions for 
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Thus the original system can be written as
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Clearly, this system is in the canonical form. 

Example 6

If possible, re-write the given system in the canonical form




[image: image60.wmf]4      7

       23

xxyt

xyyt

¢¢

+-=

¢¢

+-=


Solution:

First we write the differential equations of the system in the differential operator form
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To eliminate 
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 we add the two equations of the system, to obtain
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Next to solve for the
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, we eliminate
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. For this purpose we simply subtract the first equation from second equation of the system, to have
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Hence the original system is equivalent to the following system
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Clearly the system is in the normal form.

Example 7

If possible, re-write the given system in the linear normal form
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Solution:

First write the given system in the differential operator form 
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No need to eliminate anything as the equations are already expressing the highest-order derivatives of 
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 and 
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in terms of the remaining functions and derivatives. Therefore, we are now in a position to introduce new variables. Suppose that
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Then the expressions for 
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Hence, the given system of differential equations is equivalent to the following system 
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This new system is clearly in the linear normal form.


Degenerate Systems
The systems of differential equations of the form
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those cannot be reduced to a linear system in normal form is said to be a degenerate system.

Example 8

If possible, re-write the following system in a linear normal form 
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Solution:

The given system is already written in the differential operator form. The system can be written in the form
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We eliminate 
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 to solve for the highest derivative 
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 by multiplying the first equation with 2 and then subtracting second equation from the first one. Thus we have 
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Therefore, it is impossible to solve the system for the highest derivative of each dependent variable; the system cannot be reduced to the canonical form.  Hence the system is a degenerate.

Example 9

If possible, re-write the following system of differential equations in the canonical form
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Solution:

We write the system in the operator form
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To solve for a highest order derivative of 
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 in terms of the remaining functions and derivatives, we subtract the second equation from the first and we obtain
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This is absurd. Thus the given system cannot be reduced to a canonical form. Hence the system is a degenerate system.

Example 10

If possible, re-write the given system
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Solution:

The given system is already in the operator form and can be written as
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To solve for the highest derivative
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, we eliminate the highest derivative
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. Therefore, multiply the second equation with 2 and then subtract from the first equation to have
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Therefore, it is impossible to solve the system for the highest derivatives of each variable. Thus the system cannot be reduced to the linear normal form. Hence, the system is a degenerate system.

Applications

The systems having the linear normal form arise naturally in some physical applications. The following example provides an application of a homogeneous linear normal system in two dependent variables.

Example 11

Tank 
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contains 50 gallons of water in which 25 pounds of salt are dissolved. A second tank 
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contains 50 gallons of pure water. Liquid is pumped in and out of the tank at rates shown in Figure. Derive the differential equations that describe the number of pounds 
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[image: image103.wmf]a

 = 
[image: image104.wmf](

)

(

)

3 gal/min0 lb/gal0

×=


Input through pipe
[image: image105.wmf]b

 = 
[image: image106.wmf](

)

22

1 gal/minlb/gal lb/min

5050

xx

æö

×=

ç÷

èø


Thus, total input for the tank 
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Output through pipe 
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Hence, the net rate of change of 
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Tank B

Input through pipe 
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is 
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Hence, the net rate of change of 
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Thus we obtain the first order system
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 We observe that the foregoing system is accompanied the initial conditions 
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Practice Exercise

Rewrite the given differential equation as a system in linear normal form.

1. 
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Rewrite, if possible, the given system in the linear normal form.
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