Lecture 25

System of Linear Differential Equations


Systems of Linear Differential Equations

Solution of Using Determinants

If 
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 denote linear differential operators with constant coefficients, then a system of linear differential equations in two variables 
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can be written as
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To eliminate
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, we operate on the first equation with 
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and on the second equation with 
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and then subtracting, we obtain  





[image: image9.wmf](

)

   

2

2

1

4

3

2

4

1

g

L

g

L

x

L

L

L

L

-

=

-


Similarly, operating on the first equation with 
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and second equation with 
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and then subtracting, we obtain
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Since
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Therefore
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and
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Hence, the given system of differential equations can be decoupled into 
[image: image16.wmf]nth

 order differential equations. These equations use determinants similar to those used in Cramer’s rule:
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The uncoupled differential equations can be solved in the usual manner.

Note that 

· The determinant on left hand side in each of these equations can be expanded in the usual algebraic sense. This means that the symbol 
[image: image18.wmf]D

 occurring in 
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is to be treated as an algebraic quantity.  The result of this expansion is a differential operator of order
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, which is operated on 
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 and
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.


· However, some care should be exercised in the expansion of the determinant on the right hand side. We must expand these determinants in the sense of the internal differential operators actually operating on the functions 
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g

and
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.  Therefore, the symbol 
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 occurring in 
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 is to be treated as an algebraic quantity.

The Method

The steps involved in application of the method of detailed above can be summarized as follows:

Step 1 First we have to write the differential equations of the given system in the differential operator form  
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Step 2 We find the determinants  
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Step 3 If the first determinant is non-zero, then it represents an nth order differential operator and we decoupled the given system by writing the differential equations
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Step 4 Find the complementary functions for the two equations. Remember that the auxiliary equation and hence the complementary function of each of these differential equations is the same. 

Step 5 Find the particular integrals 
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and 
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y

using method of undetermined coefficients or the method of variation of parameters.

Step 6 Finally, we write the general solutions for both the dependent variables 
[image: image32.wmf]x

and
[image: image33.wmf]y
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Step 7 Reduce the number of constants by substituting in one of the differential 
equations of the given system

Note that

If the determinant found in step 2 is zero, then the system may have a solution containing any number of independent constants or the system may have no solution at all. Similar remarks hold for systems larger than system indicated in the previous discussion.

Example 1

Solve the following homogeneous system of differential equations
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Solution: 

Step 1 First we write the differential equations of the system in terms of the differential operator
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Step 2 We form the determinant
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Step 3 Since the 1st determinant is non-zero




 
[image: image39.wmf]25

(25)(1)

1

DD

DDDD

DD

-

=---

-


or

 
[image: image40.wmf]2

25

40

1

DD

DD

DD

-

=-¹

-


Therefore, we write the decoupled equations  
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After expanding we find that
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Step 4 We find the complementary function for the two equations. The auxiliary equation for both of the differential equations is:  
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The auxiliary equation has real and distinct roots
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Step 5 We now use the method of undetermined coefficients to find the particular integrals 
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Substituting in the differential equations, we have
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Equating coefficients of 
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 and constant terms, we obtain
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Step 6 Hence, the general solution of the two decoupled equations
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Step 7 Substituting these solutions for
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and
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into the second equation of the given system, we obtain
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Hence, the general solution of the given system of differential equations is 
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If we re-notate the constants 
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, respectively.  Then the solution of the system can be written as:
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Example 2

Solve
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Solution: 

Step 1 First we write the differential equations of the system in terms of the differential operator
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Step 2 We form the determinant
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Step 3 Since the 1st determinant is non-zero
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Therefore, we write the decoupled equations  
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After expanding we find that
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Step 4 We find the complementary function for the two equations. The auxiliary equation for both of the differential equations is:  
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The auxiliary equation has real and equal roots
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Step 5 We now use the method of undetermined coefficients to find the particular integrals 
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Substituting in the differential equations
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Therefore, we have
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Equating coefficients of 
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 and constant terms, we obtain
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Step 6 Hence, the general solution of the two decoupled equations
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Step 7 Substituting these solutions for
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and
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into the second equation of the given system, we obtain
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Hence, a solution of the given system of differential equations is 
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Example 3

Given the system
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Find the differential equation for the dependent variables 
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 EMBED Equation.3  [image: image110.wmf]y
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Solution: 

Step1 The differential equations of the system are already written in the differential operator form.

Step 2 We form the determinant
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Step 3 Since the first determinant is non-zero.
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Therefore, we can write the decoupled equations
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The determinant on the left hand side in these equations has already been expanded. Now we expand the determinants on the right hand side by the cofactors of an appropriate row. 
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Hence the differential equations for the dependent variables 
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can be written as
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Again we remind that the 
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 symbol on the left-hand side is to be treated as an algebraic quantity, but this is not the case on the right-hand side.

Practice Exercise

Solve, if possible, the given system of differential equations by use of determinants.
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