Lecture 35

Systems of Linear Differential Equations-Operator Method

Systems of Linear Differential Equations

· Recall that the mathematical model for the motion of a mass attached to a spring or for the response of a series electrical circuit is a differential equation.
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· However, we can attach two or more springs together to hold two masses 
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. Similarly a network of parallel circuits can be formed. 
          [image: image4.png]£

\<<<<.§3m-



[image: image5.png]



· To model these latter situations, we would need two or more coupled or simultaneous equations to describe the motion of the masses or the response of the network.

· Therefore, in this lecture we will discuss the theory and solution of the systems of simultaneous linear differential equations with constant coefficients.

Note that

An 
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If we write 
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then this equation can be written as follows  



[image: image10.wmf](

)

(

)

(

)

1

110

n

n

nn

aDaDaDaygt

-

-

++++=

L


Simultaneous Differential Equations 

The simultaneous ordinary differential equations involve two or more equations that contain derivatives of two or more unknown functions of a single independent variable. 

Example 1 

If 
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are functions of the variable 
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and
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are systems of simultaneous differential equations.

Solution of a System

A solution of a system of differential equations is a set of differentiable functions 
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those satisfy each equation of the system on some interval
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Systematic Elimination: Operator Method
· This method of solution of a system of linear homogeneous or linear non-homogeneous differential equations is based on the process of systematic elimination of the dependent variables.  

· This elimination provides us a single differential equation in one of the dependent variables that has not been eliminated.

· This equation would be a linear homogeneous or a linear non-homogeneous differential equation and can be solved by employing one of the methods discussed earlier to obtain one of the dependent variables.  

Note that the analogue of multiplying an algebraic equation by a constant is operating on a differential equation with some combination of derivatives. 

The Method 

Step 1 First write the differential equations of the system in a form that involves the differential operator
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Step 2 We retain first of the dependent variables and eliminate the rest from the differential equations of the system. 

Step 3 The result of this elimination is to be a single linear differential equation with constant coefficients in the retained variable. We solve this equation to obtain the value of this variable.




Step 4 Next, we retain second of the dependent variables and eliminate all others variables     

Step 5 The result of the elimination performed in step 4 is to be again a single linear differential equation with constant coefficients in the retained 2nd variable. We again solve this equation and obtain the value of the second dependent variable. This process of elimination is continued untill all the variables are taken care of. 


Step 6 The computed values of the dependent variables don’t satisfy the given system for every choice of all the arbitrary constants. By substituting the values of the dependent variables computed in step 5 into an equation of the original system, we can reduce the number of constant from the solution set. 



Step 7 We use the work done in step number 6 to write the solution set of the given system of linear differential equations. 

Example 1 

Solve the system of differential equations
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Solution:

Step 1 The given system of linear differential equations can be written in the differential operator form as 
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Step 2 Next we eliminate one of the two variables, say
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, from the two differential equations. Operating on the first equation by 
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 while multiplying the second by 2 and then subtracting eliminates 
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 from the system. It follows that




[image: image26.wmf].

0

6

or   

   

0

6

2

2

=

-

=

+

-

y

y

D

y

y

D


Step 3 Clearly, the result is a single linear differential equation with constant coefficients in the retained variable
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. The roots of the auxiliary equation are real and distinct 
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Step 4 We now eliminate the variable 
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 that was retained in the previous step. Multiplying the first equation by
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, while operating on the second by 
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and then adding gives the differential equation for 
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Step 5 Again, the result is a single linear differential equation with constant coefficients in the retained variable
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.  We now solve this equation and obtain the value of the second dependent variable. The roots of the auxiliary equation are
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Hence the values of the dependent variables
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Step 6 Substituting the values of 
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  from step 5 into first equation of the given system, we have 
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Since this expression is to be zero for all values of
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Notice that if we substitute the computed values of 
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 into the second equation of the system, we shall find that the same relationship holds between the constants.

Step 7 Hence, by using the above values of 
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, we write the solution of the given system as
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Example 2

Solve the following system of differential equations
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Solution: 

Step 1 The differential equations of the given system are already in the operator form.

Step 2 We eliminate the variable 
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 from the two equations of the system. Thus operating on the first equation by
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and on the second by 
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and then subtracting eliminates 
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 from the system. The resulting differential equation for the retained variable 
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Step 3 The auxiliary equation of the differential equation for 
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 obtained in the last step is
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Since the roots of the auxiliary equation are 
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Therefore, the solution for the dependent variable 
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Step 4 Multiplying the first equation by 2 while operating on the second by 
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Step 5 The auxiliary equation for this equation for
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 is
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The roots of this auxiliary equation are
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Thus, the solution for the retained variable
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 is
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Writing two solutions together, we have
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Step 6 To reduce the number of constants, we substitute the last two equations into the first equation of the given system to obtain
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Since this relation is to hold for all values of the independent variable
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Step 7 Hence, a solution of the given system of differential equations is
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Example 3

Solve the system
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Solution: 

Step 1 First we write the differential equations of the system in the differential operator form: 
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Step 2 Then we eliminate one of the dependent variables, say
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. Operating on the first equation with the operator
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, on the second equation with the operator
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Step 3 The auxiliary equation of the differential equation found in the previous step is
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Therefore, roots of the auxiliary equation are
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So that the complementary function for the retained variable 
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To determine the particular solution 
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we use undetermined coefficients. Therefore, we assume
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Substituting in the differential equation found in step, we obtain
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 Equating coefficients of 
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Solving these equations give 
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Hence, the solution for the variable 
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is given by
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Step 4 Next we eliminate the variable
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from the given system. For this purpose we multiply first equation with 1 while operate on the second equation with the operator 
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 and then subtracting, we obtain
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Step 5 The auxiliary equation of the differential equation for 
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The roots of the auxiliary equation are complex. Therefore, the complementary function for 
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The method of undetermined coefficients can be applied to obtain a particular solution. We assume that
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Substituting in the differential equation for
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, we obtain
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Equating the coefficients of 
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Solving these equations we obtain
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Hence, we have
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Step 6 Now 
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 into the second equation of the given system and we find, after combining the terms,
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Solving the last two equations for 
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Step 7 Finally, a solution of the given system is found to be
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Practice Exercise

Solve, if possible, the given system of differential equations by either systematic elimination.
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