Lecture 23

Legendre’s Differential Equations


Legendre’s Differential Equation

A second order linear differential equation of the form
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is called Legendre’s differential equation and any of its solution is called Legendre’s function. If 
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 is positive integer then the solution of Legendre’s differential equation is called a Legendere’s polynomial of degree 
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 and is denoted by 
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We assume a solution of the form
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(1)

From Iteration formula (1)
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and so on. Thus at least 
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, we obtain two linearly independent power series solutions.
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Note that if 
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is even integer, the first series terminates, where 
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is an infinite series. For example if 
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Similarly, when 
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is an odd integer, the series for 
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is a non-negative integer, we obtain an nth-degree polynomial solution of Legendre’s equation. Since we know that a constant multiple of a solution of Legendre’s equation is also a solution, it is traditional to choose specific values for 
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Whereas for 
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For example, when 
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Legendre’s Polynomials are specific nth degree polynomials and are denoted by 
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Note that 
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are, in turn particular solution of the differential equations
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Rodrigues Formula for Legendre’s Polynomials

The Legendre Polynomials are also generated by Rodrigues formula
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Generating Function For Legendre’s Polynomials

The Legendre’s polynomials are the coefficient of 
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in ascending powers of 
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Therefore by Binomial Series
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(1)

Also
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Equating Coefficients of (1) and (2)
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Which are Legendre’s Polynomials

Recurrence Relation

Recurrence relations that relate Legendre’s polynomials of different degrees are also very important in some aspects of their application. We shall derive one such relation using the formula
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(1)

Differentiating both sides of (1) with respect to 
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gives 
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so that after multiplying by 
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Observing the appropriate cancellations, simplifying and changing the summation indices
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Equating the total coefficient of 
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to zero gives the three-term recurrence relation
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Practice Exercise

1. Show that the Legendre’s equation has an alternative form
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2. Show that the equation
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 can be transformed into Legendre’s equation by means of the substitution 
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3. The Legendre’s polynomials are also generated by Rodrigues’ formula
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verify the results for 
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