Lecture 22

Bessel’s Differential Equations


Bessel’s Differential Equation

A second order linear differential equation of the form
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is called Bessel’s differential equation.

Solution of this equation is usually denoted by 
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and is known as Bessel’s function. This equation occurs frequently in advanced studies in applied mathematics, physics and engineering.

Series Solution of Bessel’s Differential Equation

Bessel’s differential equation is 
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If we assume that
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Then
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So that  
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From (2) we see that the indicial equation is 
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We can write
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(3)
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The choice 
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so for 
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Thus
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It is standard practice to choose 
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where 
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the Gamma function. Also 
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Using this property, we can reduce the indicated product in the denominator of (5) to one term. For example
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Hence we can write (5) as
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So the solution is
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If 
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Bessel’s Function of the First Kind

As for 
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Also for the second exponent 
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The function 
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[image: image41.wmf]v

and 
[image: image42.wmf]v

-

 respectively.

Now some care must be taken in writing the general solution of (1). When 
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If 
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 is a positive integer, a second series solution of (1) may exists.

Example 1

Find the general solution of the equation 
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Solution

The Bessel differential equation is
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(2)

Comparing (1) and (2), we get
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So general solution of (1) is
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Example 2

Find the general solution of the equation
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Solution

We identify 
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So general solution is
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Example 3

Derive the formula
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Solution

As 
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Example 4

Derive the recurrence relation
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Solution:

As 
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Put 
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Example 5

Derive the expression of 
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Solution:

Consider
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As 
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put 
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Expanding R.H.S of above
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Similarly for 
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Expanding the R.H.S of above we get
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Remarks:

Bessel functions of index half an odd integer are called Spherical Bessel functions. Like other Bessel functions spherical Bessel functions are used in many physical problems.
Practice Exercise

Find the general solution of the given differential equation on 
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Express the given Bessel function in terms of 
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