Lecture 21

Series Solution about Singular Points


Cases of Indicial Roots

When using the method of Frobenius, we usually distinguish three cases corresponding to the nature of the indicial roots. For the sake of discussion let us suppose that 
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Case I: Roots not Differing by an Integer

If 
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are distinct and do not differ by an integer, then their exist two linearly independent solutions of the differential equation of the form
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Example 6

Solve
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Solution

 If   
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                       In general 
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Thus we have 
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As given, the series is not meaningful for 
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Thus second solution is

                        
[image: image52.wmf]20

1

(1)

1

1.3.5.7...(21)

n

n

n

ycx

n

¥

=

éù

-

=+

êú

-

ëû

å

.   
[image: image53.wmf].

¥

<

x

     

On the interval (
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Method of Frobenius  Cases (II and III)

When the roots of the indicial equation differ by a positive integer, we may or may not be able to find two solutions of 
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having form           
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If not, then one solution corresponding to the smaller root contains a logarithmic term. When the exponents are equal, a second solution always contains a logarithm. This latter situation is similar to the solution of the Cauchy-Euler differencial equation when the roots of the auxiliary equation are equal. We have the next two cases.

Case II: Roots Differing by a Positive Integer
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where C is a constant that could be zero.

Case III: Equal Indicial Roots:  

If 
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Example 7: 
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Solution: The assumption 
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Since k-6=0, when, k=6, we do not divide by this term until k>6.we find
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It is interesting to observe that in example 9 the larger root 
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Where 
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Iteration of this latter recurrence relation then would yield only one solution, namely the solution given by (6) with 
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When the roots of indicial equation differ by a positive integer, the second solution may contain a logarithm.

On the other hand if we fail to find second series type solution, we can always use the fact that 
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is a solution of the equation 
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Note: In case 2 it is always a good idea to work with smaller roots first.

Example8:

Find the general solution of 
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Solution 
The method of frobenius provide only one solution to this equation, namely,
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From (8) we obtain a second solution
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Example 9:

Find the general solution of 
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Setting (13) equal to zero then gives 
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For k=0, 1, 2,
…

(14)

When k=0 in equation (14) we have 2+0
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Rewriting equation (14) as
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(15)   

and evaluating for k=1,2,…
gives
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and so on. Thus we can finally write 
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Where 
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Equivalent Solution

At this point you may be wondering whether (*) and (16) are really equivalent. If we choose 
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Which is precisely obtained what we obtained from (16). If 
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The next example illustrates the case when the indicial roots are equal.
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Therefore 
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Clearly the roots 
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where 
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In caseII we can also determine
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Practice Exercises
In problem 1-12 show that the indicial roots differ by an integer. Use the method of frobenius to obtain two linearly independent series solutions about the regular singular point
[image: image192.wmf]0

0

=

x

 Form the general solution on (0,
[image: image193.wmf]¥

)

1.
[image: image194.wmf]0

2

=

-

¢

+

¢

¢

xy

y

y

x


2.  
[image: image195.wmf]0

4

1

2

2

=

÷

ø

ö

ç

è

æ

-

+

¢

+

¢

¢

y

x

y

x

y

x


3. 
[image: image196.wmf]0

2

3

)

1

(

=

-

¢

+

¢

¢

-

y

y

y

x

x


4. 
[image: image197.wmf]0

2

3

=

-

¢

+

¢

¢

y

y

x

y


5. 
[image: image198.wmf]0

)

1

(

=

-

¢

-

+

¢

¢

y

y

x

y

x


6. 
[image: image199.wmf]0

=

+

¢

¢

y

y

x


7. 
[image: image200.wmf]0

=

+

¢

+

¢

¢

y

y

y

x


8. 
[image: image201.wmf]0

=

+

¢

-

¢

¢

y

y

y

x


9. 
[image: image202.wmf]0

)

1

(

2

=

+

¢

-

+

¢

¢

y

y

x

x

y

x


10. 
[image: image203.wmf]0

4

=

-

¢

+

¢

¢

xy

y

y

x


11. 
[image: image204.wmf]0

2

)

1

(

2

=

-

¢

-

+

¢

¢

y

y

x

y

x


12. 
[image: image205.wmf]0

3

=

+

¢

-

¢

¢

y

x

y

y

x


PAGE  
10

_1433518466.unknown

_1433518531.unknown

_1433518563.unknown

_1433518579.unknown

_1433518588.unknown

_1433518617.unknown

_1433518621.unknown

_1433518623.unknown

_1433518625.unknown

_1433518626.unknown

_1433518627.unknown

_1433518624.unknown

_1433518622.unknown

_1433518619.unknown

_1433518620.unknown

_1433518618.unknown

_1433518615.unknown

_1433518616.unknown

_1433518614.unknown

_1433518583.unknown

_1433518586.unknown

_1433518587.unknown

_1433518585.unknown

_1433518581.unknown

_1433518582.unknown

_1433518580.unknown

_1433518571.unknown

_1433518575.unknown

_1433518577.unknown

_1433518578.unknown

_1433518576.unknown

_1433518573.unknown

_1433518574.unknown

_1433518572.unknown

_1433518567.unknown

_1433518569.unknown

_1433518570.unknown

_1433518568.unknown

_1433518565.unknown

_1433518566.unknown

_1433518564.unknown

_1433518547.unknown

_1433518555.unknown

_1433518559.unknown

_1433518561.unknown

_1433518562.unknown

_1433518560.unknown

_1433518557.unknown

_1433518558.unknown

_1433518556.unknown

_1433518551.unknown

_1433518553.unknown

_1433518554.unknown

_1433518552.unknown

_1433518549.unknown

_1433518550.unknown

_1433518548.unknown

_1433518539.unknown

_1433518543.unknown

_1433518545.unknown

_1433518546.unknown

_1433518544.unknown

_1433518541.unknown

_1433518542.unknown

_1433518540.unknown

_1433518535.unknown

_1433518537.unknown

_1433518538.unknown

_1433518536.unknown

_1433518533.unknown

_1433518534.unknown

_1433518532.unknown

_1433518499.unknown

_1433518515.unknown

_1433518523.unknown

_1433518527.unknown

_1433518529.unknown

_1433518530.unknown

_1433518528.unknown

_1433518525.unknown

_1433518526.unknown

_1433518524.unknown

_1433518519.unknown

_1433518521.unknown

_1433518522.unknown

_1433518520.unknown

_1433518517.unknown

_1433518518.unknown

_1433518516.unknown

_1433518507.unknown

_1433518511.unknown

_1433518513.unknown

_1433518514.unknown

_1433518512.unknown

_1433518509.unknown

_1433518510.unknown

_1433518508.unknown

_1433518503.unknown

_1433518505.unknown

_1433518506.unknown

_1433518504.unknown

_1433518501.unknown

_1433518502.unknown

_1433518500.unknown

_1433518483.unknown

_1433518491.unknown

_1433518495.unknown

_1433518497.unknown

_1433518498.unknown

_1433518496.unknown

_1433518493.unknown

_1433518494.unknown

_1433518492.unknown

_1433518487.unknown

_1433518489.unknown

_1433518490.unknown

_1433518488.unknown

_1433518485.unknown

_1433518486.unknown

_1433518484.unknown

_1433518475.unknown

_1433518479.unknown

_1433518481.unknown

_1433518482.unknown

_1433518480.unknown

_1433518477.unknown

_1433518478.unknown

_1433518476.unknown

_1433518470.unknown

_1433518473.unknown

_1433518474.unknown

_1433518472.unknown

_1433518468.unknown

_1433518469.unknown

_1433518467.unknown

_1113986279.unknown

_1121850212.unknown

_1433518458.unknown

_1433518462.unknown

_1433518464.unknown

_1433518465.unknown

_1433518463.unknown

_1433518460.unknown

_1433518461.unknown

_1433518459.unknown

_1433518454.unknown

_1433518456.unknown

_1433518457.unknown

_1433518455.unknown

_1433518452.unknown

_1433518453.unknown

_1433518451.unknown

_1121226207.unknown

_1121226491.unknown

_1121226707.unknown

_1121850211.unknown

_1121226617.unknown

_1121226385.unknown

_1121226451.unknown

_1121226384.unknown

_1113986722.unknown

_1113987072.unknown

_1113987655.unknown

_1113987729.unknown

_1113987539.unknown

_1113986952.unknown

_1113986422.unknown

_1113986553.unknown

_1113986332.unknown

_1113983599.unknown

_1113985165.unknown

_1113985747.unknown

_1113986023.unknown

_1113986119.unknown

_1113985928.unknown

_1113985338.unknown

_1113985522.unknown

_1113985212.unknown

_1113984633.unknown

_1113984987.unknown

_1113985040.unknown

_1113984791.unknown

_1113984219.unknown

_1113984389.unknown

_1113983955.unknown

_1113982465.unknown

_1113983193.unknown

_1113983342.unknown

_1113983557.unknown

_1113983227.unknown

_1113982868.unknown

_1113982930.unknown

_1113983182.unknown

_1113982577.unknown

_1113982154.unknown

_1113982421.unknown

_1113982445.unknown

_1113982216.unknown

_1113981431.unknown

_1113981557.unknown

_1113921311.unknown

_1113981410.unknown

_1113841844.unknown

