Lecture 19

Power Series Solution

Power Series Solution of a Differential Equation

We know that the explicit solution of the linear first-order differential equation
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If we replace 
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by
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 in the series representation of 
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, we can write the solution of the differential equation as
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This last series converges for all real values of 
[image: image8.wmf]x

. In other words, knowing the solution in advance, we were able to find an infinite series solution of the differential equation.

We now propose to obtain a power series solution of the differential equation directly; the method of attack is similar to the technique of undetermined coefficients.

Example 11

Find a solution of the differential equation
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in the form of power series in 
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. 

Solution

If we assume that a solution of the given equation exists in the form
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The question is that: Can we determine coefficients 
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 for which the power series converges to a function satisfying the differential equation? Now term-by-term differentiation of the proposed series solution gives
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Using the last result and the assumed solution, we have 
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We would like to add the two series in this equation. To this end we write
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and then proceed as in the previous example by letting 
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in the first and second series, respectively. Therefore, last equation becomes
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After we add the series term wise, it follows that
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Substituting in the given differential equation, we obtain
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In order to have this true, it is necessary that all the coefficients must be zero. This means that
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This equation provides a recurrence relation that determines the coefficient
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. Since 
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, we can write as 
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Iteration of this last formula then gives
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and so on. Thus from the original assumption (7), we find
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Since the coefficient 
[image: image33.wmf]0

c

 remains completely undetermined, we have in fact found the general solution of the differential equation.

Note that

The differential equation in this example and the differential equation in the following example can be easily solved by the other methods. The point of these two examples is to prepare ourselves for finding the power series solution of the differential equations with variable coefficients.

Example 12

Find solution of the differential equation 
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in the form of a powers series in
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.

Solution 

We assume that a solution of the given differential equation exists in the form of 
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Then term by term differentiation of the proposed series solution yields
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Substituting the expression for 
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and 
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, we obtain
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Notice that both series start with
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. If we, respectively, substitute 
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in the first series and second series on the right hand side of the last equation. Then we after using, in turn, 
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or
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Substituting in the given differential equation, we obtain
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From this last identity we conclude that
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From iteration of this recurrence relation it follows that
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and so forth. This iteration leaves both 
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and 
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arbitrary. From the original assumption we have
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is a general solution. When the series are written in summation notation,
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 EMBED Equation.3  [image: image58.wmf](
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the ratio test can be applied to show that both series converges for all 
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. You might also recognize the Maclaurin series as 
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Exercise

Find the interval of convergence of the given power series.
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Find the first four terms of a power series in 
[image: image66.wmf]x

 for the given function.
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Solve each differential equation in the manner of the previous chapters and then compare the results with the solutions obtained by assuming a power series solution 


[image: image70.wmf]0

n

n

n

ycx

¥

=

=

å


8. 
[image: image71.wmf]2

0

yxy

¢

-=


9. 
[image: image72.wmf]0

yy

¢¢

+=


10. 
[image: image73.wmf]20

yy

¢¢¢

+=


Solution about Ordinary Points

Analytic Function: A function f is said to be analytic at a point a if it can be represented by a power series in (x-a) with a positive radius of convergence.

Suppose the linear second-order differential equation 
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(1)

is put into the form 
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(2)

by dividing by the leading coefficient 
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Ordinary and singular points: A point 
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 is said to be a ordinary point of a differential equation (1) if both P(x) and Q(x) are analytic at 
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. A point that is not an ordinary point is said to be singular point of the equation.

Polynomial Coefficients:

If  
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(i) an ordinary point if 
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Example
(a) The singular points of the equation 
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(b) The singular points need not be real numbers. 

The equation 
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 has the singular points at the solutions of 
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All other finite values, real or complex, are ordinary points.

Example
The Cauchy-Euler equation 
[image: image91.wmf]0

2

=

+

¢

+

¢

¢

cy

y

bx

y

ax

, where a, b and c are constants, has singular point at 
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All other finite values of x, real or complex, are ordinary points.

THEOREM  (Existence of Power Series Solution)

If  
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 is an ordinary point of the differential equation 
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A series solution converges at least for 
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 to the closest singular point (real or complex).

Example

Solve  
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Solution

We see that 
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 is an ordinary point of the equation. Since there are no finite singular points, there exist two solutions of the form 
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              both series start with x
Letting 
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The last expression is same as
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Iteration gives 
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because c2 = 0
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It is obvious that both 
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Example
Solve  
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Solution

Since the singular points are 
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This implies
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Iteration of the last formula gives  
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Therefore
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The solutions are
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we obtain 
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[image: image162.wmf],

)

2

)(

1

(

1

2

+

+

+

=

-

+

k

k

c

c

c

k

k

k

 
[image: image163.wmf]L

,

3

,

2

,

1

=

k


To simplify the iteration we can first choose 
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Thus one solution is
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Similarly if we choose 
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Hence another solution is
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Each series converges for all finite values of x.

Non-polynomial Coefficients

The next example illustrates how to find a power series solution about an ordinary point of a differential equation when its coefficients are not polynomials. In this example we see an application of multiplication of two power series that we discussed earlier.

Example
Solve 
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Solution:

The equation has no singular point.

Since 
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If the last line be identically zero, we must have
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Since the differential equation has no singular point, both series converge for all finite values of 
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Exercise

In each of the following problems find two linearly independent power series solutions about the ordinary point 
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