Lecture 18

Cauchy-Euler Equation and  Power Series Solution

Cauchy-Euler Equation:

It is important to note that before the start of our topic which is “Series Solution of the Differential Equations with variable coefficients”, we will first discuss Cauchy-Euler equation again. We have already learnt to solve this equation by assuming the solution of the form
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. However, the Cauchy-Euler equation can also be solved with help another approach. Here, we are going to discuss that alternative approach. You can use any method which is convenient to you, it is important to mention that both the methods will give same answer. (This alternate method is not discussed in our video lecture, that is why we are giving its details here)
Alternative Method of Solution

We reduce any Cauchy-Euler differential equation to a differential equation with constant coefficients through the substitution 
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Therefore  
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Now introduce the notation
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Therefore, we have 
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Similarly
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  so on so forth.

This substitution in a given Cauchy-Euler differential equation will reduce it into a differential equation with constant coefficients. 

At this stage we suppose 
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 to obtain an auxiliary equation and write the solution in terms of y and t. We then go back to 
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Example 1


Solve 
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Solution

The given differential equation can be written as
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With the substitution 
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Therefore the equation becomes:
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Now substitute:  
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The roots of the auxiliary equation are distinct and real, so the solution is
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Example 2


Solve 
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Solution 

The differential equation can be written as:
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Where 
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The equation becomes:
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Therefore the solution is
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Example 3

Solve the initial value problem


[image: image59.wmf]0

3

3

2

2

2

=

+

+

y

dx

dy

x

dx

y

d

x

, 
[image: image60.wmf]5

)

1

(

,

1

)

1

(

-

=

¢

=

y

y


Solution

The given differential can be written as:
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Now with the substitution 
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Thus the equation becomes:
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Put 
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So that solution is:
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Hence solution of the IVP is:
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Example 4


Solve  
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Solution

The given differential equation can be written as:
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Now with the substitution
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So the equation becomes:
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Put 
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Example 5

Solve the non-homogeneous differential equation
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Solution

First consider the associated homogeneous differential equation.
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With the notation 
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With the substitution 
[image: image105.wmf]t

xe

=

 or 
[image: image106.wmf]ln

tx

=

, we have: 




[image: image107.wmf]D

=

xD

,  
[image: image108.wmf])

1

(

2

2

-

D

D

=

D

x


So the homogeneous differential equation becomes:
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For 
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Hence the general solution is:
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Example 6

Solve   
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Solution

Consider the associated homogeneous differential equation.
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With the substitution 
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So the homogeneous differential equation becomes:
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Putting 
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Now the non-homogeneous differential equation becomes:
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By the method of undetermined coefficients we try a particular solution of the form 
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So the general solution of the original differential equation on the interval 
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Exercises

Solve using 
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Power Series: An Introduction

· A standard technique for solving linear differential equations with variable coefficients is to find a solution as an infinite series. Often this solution can be found in the form of a power series.

· Therefore, in this lecture we discuss some of the more important facts about power series.

· However, for an in-depth review of the infinite series concept one should consult a standard calculus text.

Power Series

A power series in(
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The coefficients 
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 represents a variable. In this discussion we will only be concerned with the cases where the coefficients, 
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 are real numbers. The number 
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 is known as the centre of the power series. 

Example 1

The infinite series
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is a power series in 
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. This series is centered at zero.

Convergence and Divergence

· If we choose a specified value of the variable 
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 then the power series becomes an infinite series of constants. If, for the given 
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, the sum of terms of the power series equals a finite real number, then the series is said to be convergent at 
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. 

· A power series that is not convergent is said to be a divergent series. This means that the sum of terms of a divergent power series is not equal to a finite real number.

Example 2

(a)  Consider the power series 
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Since for 
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Therefore, the power series converges 
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(b) Consider the power series
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The series diverges
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Clearly the sum of all terms on right hand side is not a finite number. Therefore, the series is divergent at
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.  Similarly, we can see its divergence at all other values of 
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The Ratio Test

To determine for which values of 
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 a power series is convergent, one can often use the Ratio Test. The Ratio test states that if  
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is a power series and  
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Then:

· The power series converges absolutely for those values of 
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 for which
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.

· The power series diverges for those values of
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for which
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.

· The test is inconclusive for those values of  
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 for which
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Interval of Convergence

The set of all real values of 
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 for which a power series 
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converges is known as the interval of convergence of the power series. 

Radius of Convergence

Consider a power series
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Then exactly one of the following three possibilities is true:

· The series converges only at its center
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· The series converges for all values of
[image: image210.wmf]x

. 

· There is a number 
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The number 
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 is called the radius of convergence of the power series.  If first possibility holds then 
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 and in case of 2nd possibility we write
[image: image218.wmf]R

=¥

.

From the Ratio test we can clearly see that the radius of convergence is given by
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provided the limit exists.
Convergence at an Endpoint

If the radius of convergence of a power series is 
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, then the interval of convergence of the series is one of the following
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To determine which of these intervals is the interval of convergence, we must conduct separate investigations for the numbers 
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Example 3

Consider the power series
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Then
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Therefore, it follows from the Ratio Test that the power series converges absolutely for those values of 
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 which satisfy
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This means that the power series converges if
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 belongs to the interval
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The series diverges outside this interval i.e. when 
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 must be investigated separately by substituting into the power series.

a) When we substitute
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which is a divergent 
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-series, with
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b) When we substitute
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which converges, by alternating series test.

Hence, the interval of convergence of the power series is 
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. This means that the series is convergent for those vales of 
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 which satisfy
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Example 4

Find the interval of convergence of the power series
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Solution

The power series is centered at 3 and the radius of convergence of the series is
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Hence, the series converges absolutely for those values of
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which satisfy the inequality
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(a) At the left endpoint we substitute 
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 in the given power series to obtain the series of constants:
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This series is convergent by the alternating series test. 

(b) At the right endpoint we substitute 
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 in the given series and obtain the following harmonic series of constants
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Since a harmonic series is always divergent, the above power series is divergent. 

Hence, the series the interval of convergence of the given power series is a half open and half closed interval
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Absolute Convergence

Within its interval of convergence a power series converges absolutely. In other words, the series of absolute values 
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converges for all values 
[image: image253.wmf]x

 in the interval of convergence.



A Power Series Represent Functions

A power series 
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determines a function 
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whose domain is the interval of convergence of the power series.  Thus for all 
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 in the interval of convergence, we write
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If a function is 
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 is defined in this way, we say that 
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is a power series representation for
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is represented by the power series

Theorem

Suppose that a power series 
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 has a radius of convergence
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 in the interval of convergence a function 
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is defined by
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Then

· The function 
[image: image267.wmf]f

 is continuous, differentiable, and integrable on the interval
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· Moreover,
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 can be found from term-by-term differentiation and ntegration.
Therefore
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The series obtained by differentiation and integration have same radius of convergence. However, the convergence at the end points 
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 and 
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 of the interval may change. This means that the interval of convergence may be different from the interval of convergence of the original series.

Example 5

Find a function 
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 that is represented by the power series
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Solution

The given power series is a geometric series whose common ratio is
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. Therefore, if 
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 then the series converges and its sum is
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Hence we can write
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This last expression is the power series representation for the function
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Series that are Identically Zero

If for all real numbers 
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in the interval of convergence, a power series is identically zero i.e.
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Then all the coefficients in the power series are zero. Thus we can write
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Analytic at a Point

A function
[image: image286.wmf]f

 is said to be analytic at point 
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 if the function can be represented by power series in (
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) with a positive radius of convergence. The notion of analyticity at a point will be important in finding power series solution of a differential equation.

Example 6

Since the functions
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, 
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, and 
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Therefore, these functions are analytic at the point 
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Arithmetic of Power Series

· Power series can be combined through the operations of addition, multiplication, and division. 

· The procedure for addition, multiplication and division of power series is similar to the way in which polynomials are added, multiplied, and divided.

·  Thus we add coefficients of like powers of
[image: image296.wmf]x

, use the distributive law and collect like terms, and perform long division.

Example 7

 If both of the following power series converge for 
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 Then
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Example 8

Find the first four terms of a power series in 
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 for the product 
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.

Solution

From calculus the Maclaurin series for 
[image: image303.wmf]x

e

and 
[image: image304.wmf]x

cos

 are, respectively,
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Multiplying the two series and collecting the like terms yields
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  The interval of convergence of the power series for both the functions 
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 and 
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 is 
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Example 9

Find the first four terms of a power series in 
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 for the function
[image: image313.wmf]x

sec

.

Solution

We know that
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 Therefore using long division, we have



[image: image315.wmf]2

246

246

246

246

46

46

6

5

1

2

11

224720

1

224720

         

224720

              

2448

57

                  

24360

55

                    

2448

61

                             

720

x

xxx

xxx

xxx

xxx

xx

xx

x

++

-+-+

-+-+

-+-

-+-

-+

-+

-

L

L

L

L

L

L

L

46

61

24720

xx

++

L


Hence, the power series for the function 
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The interval of convergence of this series is 
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Note that

· The procedures illustrated in examples 2 and 3 are obviously tedious to do by hand. 

· Therefore, problems of this sort can be done using a computer algebra system (CAS) such as Mathematica. 

· When we type the command: Series
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and enter, the Mathematica immediately gives the result obtained in the above example.

· For finding power series solutions it is important that we become adept at simplifying the sum of two or more power series, each series expressed in summation (sigma) notation, to an expression with a single
[image: image320.wmf].
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This often requires a shift of the summation indices.

· In order to add any two power series, we must ensure that: 

    (a) That summation indices in both series start with the same number. 
    (b) That the powers of 
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 in each of the power series be “in phase”. 

Therefore, if one series starts with a multiple of, say, 
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 to the first power, then the other series must also start with the same power of the same power of
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.

Example 10

Write the following sum of two series as one power series
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Solution

 To write the given sum power series as one series, we write it as follows:
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The first series on right hand side starts with 
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To get the same summation index we are inspired by the exponents of 
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in the first series and second series, respectively. So that the right side becomes:
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Recall that the summation index is a “dummy” variable. The fact that 
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in one case and 
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We are now in a position to add the two series in the given sum term by term:
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If you are not convinced, then write out a few terms on both series of the last equation.
PAGE  
20

_1116618295.unknown

_1116647564.unknown

_1116953663.unknown

_1117035599.unknown

_1119773470.unknown

_1433507564.unknown

_1433507572.unknown

_1433507580.unknown

_1433507584.unknown

_1433507588.unknown

_1433507592.unknown

_1433507594.unknown

_1433507595.unknown

_1433507596.unknown

_1433507593.unknown

_1433507590.unknown

_1433507591.unknown

_1433507589.unknown

_1433507586.unknown

_1433507587.unknown

_1433507585.unknown

_1433507582.unknown

_1433507583.unknown

_1433507581.unknown

_1433507576.unknown

_1433507578.unknown

_1433507579.unknown

_1433507577.unknown

_1433507574.unknown

_1433507575.unknown

_1433507573.unknown

_1433507568.unknown

_1433507570.unknown

_1433507571.unknown

_1433507569.unknown

_1433507566.unknown

_1433507567.unknown

_1433507565.unknown

_1433507556.unknown

_1433507560.unknown

_1433507562.unknown

_1433507563.unknown

_1433507561.unknown

_1433507558.unknown

_1433507559.unknown

_1433507557.unknown

_1433506314.unknown

_1433507554.unknown

_1433507555.unknown

_1433507553.unknown

_1121762436.unknown

_1121762592.unknown

_1119773583.unknown

_1119774986.unknown

_1119773547.unknown

_1119771070.unknown

_1119773221.unknown

_1119773377.unknown

_1119773461.unknown

_1119773279.unknown

_1119772891.unknown

_1119773173.unknown

_1119771174.unknown

_1117036316.unknown

_1117036476.unknown

_1117036638.unknown

_1117040977.unknown

_1117040993.unknown

_1117036953.unknown

_1117036597.unknown

_1117036420.unknown

_1117036221.unknown

_1117036236.unknown

_1117035856.unknown

_1116954872.unknown

_1117006395.unknown

_1117009335.unknown

_1117011019.unknown

_1117013290.unknown

_1117013380.unknown

_1117013988.unknown

_1117011630.unknown

_1117011753.unknown

_1117011151.unknown

_1117010915.unknown

_1117010937.unknown

_1117009558.unknown

_1117008398.unknown

_1117009287.unknown

_1117006497.unknown

_1117007842.unknown

_1117005057.unknown

_1117005493.unknown

_1117006122.unknown

_1117006121.unknown

_1117005290.unknown

_1117004790.unknown

_1117004959.unknown

_1116955905.unknown

_1116954151.unknown

_1116954509.unknown

_1116954763.unknown

_1116954848.unknown

_1116954566.unknown

_1116954431.unknown

_1116954452.unknown

_1116954225.unknown

_1116953828.unknown

_1116954112.unknown

_1116954142.unknown

_1116954096.unknown

_1116953767.unknown

_1116953799.unknown

_1116953725.unknown

_1116943680.unknown

_1116948842.unknown

_1116950073.unknown

_1116950654.unknown

_1116953559.unknown

_1116953595.unknown

_1116950536.unknown

_1116949274.unknown

_1116949629.unknown

_1116949134.unknown

_1116945673.unknown

_1116948659.unknown

_1116948761.unknown

_1116948418.unknown

_1116948645.unknown

_1116946412.unknown

_1116944053.unknown

_1116944621.unknown

_1116943997.unknown

_1116938165.unknown

_1116941499.unknown

_1116942485.unknown

_1116942537.unknown

_1116943679.unknown

_1116942123.unknown

_1116938728.unknown

_1116938739.unknown

_1116938280.unknown

_1116772245.unknown

_1116773932.unknown

_1116933957.unknown

_1116938116.unknown

_1116774991.unknown

_1116777323.unknown

_1116777586.unknown

_1116776716.unknown

_1116776875.unknown

_1116776908.unknown

_1116776528.unknown

_1116774756.unknown

_1116774865.unknown

_1116774952.unknown

_1116774858.unknown

_1116774091.unknown

_1116773228.unknown

_1116773762.unknown

_1116773924.unknown

_1116773257.unknown

_1116772633.unknown

_1116772656.unknown

_1116772568.unknown

_1116772592.unknown

_1116772269.unknown

_1116771920.unknown

_1116772132.unknown

_1116772183.unknown

_1116772046.unknown

_1116771971.unknown

_1116647767.unknown

_1116647963.unknown

_1116647688.unknown

_1116646185.unknown

_1116646855.unknown

_1116646968.unknown

_1116647301.unknown

_1116647401.unknown

_1116647469.unknown

_1116647344.unknown

_1116647151.unknown

_1116647292.unknown

_1116647071.unknown

_1116646919.unknown

_1116646942.unknown

_1116646957.unknown

_1116646930.unknown

_1116646893.unknown

_1116646904.unknown

_1116646873.unknown

_1116646467.unknown

_1116646804.unknown

_1116646833.unknown

_1116646844.unknown

_1116646815.unknown

_1116646535.unknown

_1116646678.unknown

_1116646522.unknown

_1116646388.unknown

_1116646420.unknown

_1116646449.unknown

_1116646406.unknown

_1116646358.unknown

_1116646371.unknown

_1116646333.unknown

_1116619479.unknown

_1116645883.unknown

_1116646088.unknown

_1116646127.unknown

_1116646152.unknown

_1116646107.unknown

_1116645941.unknown

_1116646069.unknown

_1116645898.unknown

_1116645771.unknown

_1116645845.unknown

_1116645865.unknown

_1116645792.unknown

_1116645711.unknown

_1116645744.unknown

_1116645640.unknown

_1116618700.unknown

_1116619234.unknown

_1116619413.unknown

_1116619432.unknown

_1116619356.unknown

_1116618754.unknown

_1116618882.unknown

_1116618738.unknown

_1116618527.unknown

_1116618660.unknown

_1116618545.unknown

_1116618640.unknown

_1116618332.unknown

_1116618366.unknown

_1116618311.unknown

_1113913356.unknown

_1116617307.unknown

_1116618009.unknown

_1116618114.unknown

_1116618247.unknown

_1116618280.unknown

_1116618228.unknown

_1116618083.unknown

_1116618099.unknown

_1116618034.unknown

_1116617768.unknown

_1116617958.unknown

_1116617978.unknown

_1116617895.unknown

_1116617601.unknown

_1116617638.unknown

_1116617579.unknown

_1116617550.unknown

_1113917898.unknown

_1113918608.unknown

_1113922181.unknown

_1113924480.unknown

_1113924523.unknown

_1113996791.unknown

_1113997120.unknown

_1113924545.unknown

_1113924505.unknown

_1113924411.unknown

_1113924450.unknown

_1113922214.unknown

_1113919993.unknown

_1113920153.unknown

_1113920251.unknown

_1113920090.unknown

_1113919913.unknown

_1113919940.unknown

_1113919744.unknown

_1113918326.unknown

_1113918481.unknown

_1113918601.unknown

_1113918402.unknown

_1113918217.unknown

_1113918236.unknown

_1113917943.unknown

_1113914076.unknown

_1113915200.unknown

_1113917673.unknown

_1113917801.unknown

_1113915212.unknown

_1113914879.unknown

_1113914969.unknown

_1113914170.unknown

_1113913599.unknown

_1113913688.unknown

_1113913853.unknown

_1113913628.unknown

_1113913474.unknown

_1113913572.unknown

_1113913448.unknown

_1113910494.unknown

_1113911879.unknown

_1113912319.unknown

_1113912797.unknown

_1113912850.unknown

_1113912694.unknown

_1113912191.unknown

_1113912255.unknown

_1113912105.unknown

_1113911101.unknown

_1113911570.unknown

_1113911667.unknown

_1113911139.unknown

_1113910654.unknown

_1113911055.unknown

_1113910577.unknown

_1113894822.unknown

_1113910033.unknown

_1113910305.unknown

_1113910467.unknown

_1113910207.unknown

_1113896532.unknown

_1113894918.unknown

_1113895039.unknown

_1113894337.unknown

_1113894671.unknown

_1113894695.unknown

_1113894483.unknown

_1113893928.unknown

_1113894106.unknown

_1113893877.unknown

_1113891090.unknown

