Lecture 17

Forced Motion

Forced Motion 

In this last lecture on the applications of second order linear differential equations, we consider

· A vibrational system consisting of a body of mass 
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attached to a spring. The motion of the body is being driven by an external force
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 i.e. forced motion. 

· Flow of current in an electrical circuit that consists of an inductor, resistor and a capacitor connected in series, because of its similarity with the forced motion.

Forced motion with damping

Suppose that we now take into consideration an external force
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. Then, the forces acting on the system are: 

a) Weight of the body
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b) The restoring force =
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c) The damping effect 
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d) The external force 
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denotes the distance of the mass 
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 from the equilibrium position. Thus the total force acting on the mass 
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 is given by 
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By the Newton’s 2nd law of motion, we have
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But
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or
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where 
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Note that

· The last equation is a non-homogeneous differential equation governing the forced
motion with damping.


· To solve this equation, we use either the method of undetermined coefficients or the variation of parameters.

Example 1

Interpret and solve the initial value problem 
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Interpretation

The problem represents a vibrational system consisting of

· A mass 
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 slugs or kilograms

· The mass is attached to a spring having spring constant 
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· The mass is released from rest 
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 or meter below the equilibrium position

· The motion is damped with damping constant
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· The motion is being driven by an external periodic force 
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Solution
Given the differential equation
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First consider the associated homogeneous differential equation.
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Put 
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Then the auxiliary equation is:
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Thus the auxiliary equation has complex roots
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So that the complementary function of the equation is 
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To find a particular integral of non-homogeneous differential equation we use the undetermined coefficients, we assume that
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Then
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So that
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Substituting in the given non-homogeneous differential equation, we obtain
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Equating coefficients, we have
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Solving these equations, we obtain
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Thus 
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Hence the general solution of the differential equation is:
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Now
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Also
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Hence the solution of the initial value problem is:
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Transient and Steady-State Terms

Due to the presence of the factor
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we notice that the complementary function
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possesses the property that
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Thus for large time, the displacements of the weight are closely approximated by the particular solution
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, it is said to be transient term or transient solution. The particular solution 
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Hence, when 
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is a periodic function, such as
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The general solution of the equation 
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consists of
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Example 2

Solve the initial value problem 
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Solution

First consider the associated homogeneous linear differential equation
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Then the auxiliary equation is
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Thus the complementary function is 
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For the particular integral we assume that 
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So that 
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Substituting in the given differential equation, we have




[image: image78.wmf](

)

(

)

t

t

t

B

A

t

B

A

sin

2

cos

4

sin

2

cos

2

+

=

+

-

+

+


Equating coefficients, we obtain
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Solving these two equations, we have:
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Hence general solution of the differential equation is 
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Thus
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Now we apply the boundary conditions
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Thus solution of the initial value problem is
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We notice that the effect of the transient term becomes negligible for about
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Motion without Damping

If the system is impressed upon by a periodic force and there is no damping force then there is no transient term in the solution.

Example 3

Solve the initial value problem
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Where
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Solution
For complementary function, consider the associated homogeneous differential equation
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Then the auxiliary equation is
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Thus the complementary function is
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To find a particular solution, we assume that 
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Therefore,
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Substituting in the given differential equation, we have
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Equating coefficients, we have





[image: image109.wmf](

)

(

)

o

F

B

A

=

-

=

-

2

2

2

2

    

,

0

g

w

g

w


Solving these two equations, we obtain
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Hence, the general solution of the differential equation is 
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Now we apply the boundary conditions
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Thus solution of the initial value problem is
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Note that the solution is not defined for 
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.Therefore there is no transient term when there is no damping force in the presence of a periodic impressed force.

Electric Circuits

Many different physical systems can be described by a second order linear differential equation similar to the differential equation of the forced motion:
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One such analogous case is that of an LRC-Series circuit. Because of the similarity in mathematics that governs these two systems, it might be possible to use our intuitive understanding of one to help understand the other.

The LRC Series Circuits

The LRC series circuit consist of an inductor, resistor and capacitor connected in series with a time varying source voltage
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A resistor is an electrical component that limits or regulates the flow of electrical current in an electrical circuit.

The measure of the extent to which a resistor impedes or resists with the flow of current through it is called resistance, denoted by
[image: image130.wmf]R

.

Clearly higher the resistance, lower the flow of current. Lower the resistance, higher the flow of current. Therefore, we conclude that the flow of current is inversely proportional to the resistance, i.e 
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Where
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is constant of proportionality and it represents the voltage. The above equation is mathematical statement of the well known as Ohm’s Law.

 Inductor

An inductor is a passive electronic component that stores energy in the form of magnetic field. In its simplest form the conductor consists of a wire loop or coil wound on some suitable material.

Whenever current through an inductor changes, i.e increases or decreases, a counter emf is induced in it, which tends to oppose this change. This property of the coil due to which it opposes any change of current through it is called the inductance.

Suppose that 
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denotes the current then the rate of change of current is given by
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This produces a counter emf voltage
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. Then 
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is directly proportional to 
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Where 
[image: image143.wmf]L

is constant of proportionality, which represents inductance of the inductor. The standard unit for measurement of inductance is Henry, denoted by
[image: image144.wmf]H

.

Capacitor

A capacitor is a passive electronic component of an electronic circuit that has the ability to store charge and opposes any change of voltage in the circuit. The ability of a capacitor to store charge is called capacitance of the capacitor denoted by
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. If 
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 coulomb of a charge to the capacitor and the potential difference of 
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volts is established between 2 plates of the capacitor then
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Where
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is called constant of proportionality, which represent capacitance. The standard unit to measure capacitance is farad, denoted by
[image: image153.wmf]F

.

Kirchhoff’s Voltage Law

The Kirchhoff’s 2nd law states that the sum of the voltage drops around any closed loop equals the sum of the voltage rises around that loop. In other words the algebraic sum of voltages around the close loop is zero.

The Differential Equation 
Now we consider the following circuit consisting of an inductor, a resistor and a capacitor in series with a time varying voltage source
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 denote the voltage drop across the inductor, resistor and capacitor respectively. Then
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Now by Kirchhoff’s law, the sum of 
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must equal the source voltage 
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Since the electric current
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represents the rate of flow of charge
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. Therefore, we can write
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Substituting in the last equation, we have:
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Note that

· We have seen this equation before! It is mathematically exactly the same as the equation for a driven, damped harmonic oscillator.

· If 
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 the electric vibration of the circuit are said to be free damped oscillation.

· If 
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then the electric vibration can be called free un-damped oscillations.

Solution of the differential equation

The differential equation that governs the flow of charge in an LRC-Series circuit is
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This is a non-homogeneous linear differential equation of order-2. Therefore, the general solution of this equation consists of a complementary function and particular integral.

For the complementary function we find general solution of the associated homogeneous differential equation
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We put 
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Then the auxiliary equation of the associated homogeneous differential equation is:
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If 
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then, depending on the discriminant, the auxiliary equation may have

· Real and distinct roots

· Real and equal roots

· Complex roots

Case 1 Real and distinct roots

If
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Then the auxiliary equation has real and distinct roots. In this case, the circuit is said to be over damped. 

Case 2 Real and equal
If
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Then the auxiliary equation has real and equal roots. In this case, the circuit is said to be critically damped. 

Case 3 Complex roots
If
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Then the auxiliary equation has complex roots. In this case, the circuit is said to be under damped. 

Note that

· Since by the quadratic formula, we know that
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In each of the above mentioned three cases, the general solution of the non-homogeneous governing equation contains the factor
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· In the under damped case when 
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the charge on the capacitor oscillates as it decays. This means that the capacitor is charging and discharging as
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· In the under damped case, i.e. when
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, the electrical vibration do not approach zero as
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Forced Motion – Examples  

Example 1

Consider an LC series circuit in which .
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Determine the charge 
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 and if initially there is no current flowing in the circuit.

Solution

Since in an LC series circuit, there is no resistor. Therefore,
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So that, the governing differential equation becomes
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The initial conditions for the circuit are
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Therefore the initial conditions are equivalent to 
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Thus, we have to solve the initial value problem.
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To solve the governing differential equation, we put
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So that the auxiliary equation is:
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Therefore, the solution of the differential equation is :
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Now, we apply the boundary conditions 
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Differentiating w.r to 
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Now
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Since
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Therefore, current in the circuit is given by 
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Example 2

Find the charge 
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on the capacitor in an LRC series circuit when L=0.25 Henry, R=10 Ohms, C=0.001 farad, 
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Solution

We know that for an LRC circuit, the governing differential equation is 
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Therefore, the equation becomes:
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The initial conditions are
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To solve the differential equation, we put 
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Therefore, the auxiliary equation is
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Thus, the solution of the differential equation is
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Now, we apply the initial conditions
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Thus
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Hence the solution of the initial value problem is 
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As discussed in the previous lectures, a single sine function
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Since 
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Therefore the solution of the given differential equation is transient solution.

Note that

The electric vibrations in this case are free damped oscillations as there is no impressed voltage 
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on the circuit.

Example 3

Find the steady state of solution 
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and the steady state current in an LRC series circuit when the impressed voltage is
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Solution

The steady state solution 
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is a particular solution of the differential equation
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We use the method of undetermined coefficients, for finding
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Therefore
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Substituting in the given differential equation, we obtain
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Equating coefficients of 
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To solve these equations, we have from second equation 
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Substituting in the first equation and simplifying, we obtain
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Using this value of 
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 and simplifying yields
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If we use the notations
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Therefore, the steady-state charge is given by





[image: image270.wmf](

)

t

Z

R

E

t

Z

X

E

t

q

o

o

p

g

g

g

g

cos

sin

2

2

-

-

=


So that the steady-state current is given by
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Note that

· The quantity 
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is called the reactance of the circuit.

· The quantity 
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is called impedance of the circuit.

· Both the reactance and the impedance are measured in ohms.

Exercise

1. A 16-lb weight stretches a spring 8/3 ft. Initially the weight starts from rest 2-ft below the equilibrium position and the subsequent motion takes place in a medium that offers a damping force numerically equal to ½ the instantaneous velocity. Find the equation of motion, if the weight is driven by an external force equal to 
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2. A mass 1-slug, when attached to a spring, stretches it 2-ft and then comes to rest in the equilibrium position. Starting at 
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is applied to the system. Find the equation of motion if the surrounding medium offers a damping force numerically equal to 8 times the instantaneous velocity.

3. In problem 2 determine the equation of motion if the external force is 
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. Analyze the displacements for
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4. When a mass of 2 kilograms is attached to a spring whose constant is 32 N/m, it comes to rest in the equilibrium position. Starting at 
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 a force equal to 
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 is applied to the system. Find the equation of motion in the absence of damping.

5. In problem 4 write the equation of motion in the form
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What is the amplitude of vibrations after a very long time?

6. Find the charge on the capacitor and the current in an LC series circuit. Where
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7. Determine whether an LRC series circuit, where 
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is over-damped, critically damped or under-damped.

8. Find the charge on the capacitor in an LRC series circuit when
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 Is the charge on the capacitor ever equal to zero?

Find the charge on the capacitor and the current in the given LRC series circuit. Find the maximum charge on the capacitor.

9. 
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