Lecture 10

Constructing Second Solution, Homogeneous Linear Equations


Homogeneous Linear Equations with Constant Coefficients

We know that the linear first order differential equation
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The question?

· The question is whether or not the exponential solutions of the higher-order differential equations
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exist on
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· In fact all the solutions of this equation are exponential functions or constructed out of exponential functions.

Recall 

That the linear differential of order 
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 is an equation of the form
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Method of Solution

Taking
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, the nth-order homogeneous differential equation becomes
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This equation can be written as
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We assume a solution of the exponential form
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Substituting in the differential equation, we have 
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Since
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This algebraic equation is known as the Auxiliary equation (AE).The solution of the auxiliary equation determines the solutions of the differential equation.

Case 1: Distinct Real Roots
If the auxiliary equation has distinct real roots 
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then we have the following two solutions of the differential equation.
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These solutions are linearly independent because
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Since 
[image: image22.wmf]2

1

m

m

¹

and 
[image: image23.wmf](

)

0

2

1

¹

+

x

m

m

e


Therefore
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Hence 

· 
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form a fundamental set of solutions of the differential equation.

·  The general solution of the differential equation on 
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Case 2. Repeated Roots
If the auxiliary equation has real and equal roots i.e
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Then we obtain only one exponential solution 
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To construct a second solution we rewrite the equation in the form
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Comparing with 
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We make the identification
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Thus a second solution is given by 
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Since the auxiliary equation is a quadratic algebraic equation and has equal roots

Therefore,
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We know from the quadratic formula 
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Therefore
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Hence the general solution is  
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Case 3: Complex Roots
If the auxiliary equation has complex roots 
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Where 
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>0 are real, the general solution of the differential equation is
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First we choose the following two pairs of values of 
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Then we have
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We know by the Euler’s Formula that
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Using this formula, we can simplify the solutions
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We can drop constant to write
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The Wronskian  
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form a fundamental set of solutions of the differential equation on 
[image: image58.wmf](

)

¥

¥

-

,

.

Hence general solution of the differential equation is 
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Example:

Solve         
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Solution:

The given differential equation is 
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Substituting in the give differential equation, we have
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Therefore, the auxiliary equation has distinct real roots
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Hence the general solution of the differential equation is
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Example 2

Solve
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Solution:    

We put
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Substituting in the given differential equation, we have
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Thus the auxiliary equation has repeated real roots i.e 
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Hence general solution of the differential equation is
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Example 3

Solve the initial value problem
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Solution:

Given that the differential equation
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Substituting in the given differential equation, we have:
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By quadratic formula, the solution of the auxiliary equation is
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Thus the auxiliary equation has complex roots
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Hence general solution of the differential equation is
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Example 4


Solve the differential equations

(a)
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Solution

First consider the differential equation
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Substituting in the given differential equation, we have:
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Therefore, the auxiliary equation has complex roots
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Hence general solution of the differential equation is 
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Next consider the differential equation
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Thus the auxiliary equation has distinct real roots 
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Hence the general solution is
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Higher Order Equations
If we consider 
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order homogeneous linear differential equation
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Then, the auxiliary equation is an 
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degree polynomial equation 
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Case 1: Real distinct roots
If the roots 
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of the auxiliary equation are all real and distinct, then the general solution of the equation is
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Case 2: Real & repeated roots
We suppose that 
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 is a root of multiplicity 
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 of the auxiliary equation, then it can be shown that 
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are
[image: image123.wmf]n

 linearly independent solutions of the differential equation. Hence general solution of the differential equation is 
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Case 3: Complex roots

Suppose that coefficients of the auxiliary equation are real.

· We fix 
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· Then the general solution of the differential equation 
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· If 
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Then the general solution is 
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· If 
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· By using the Euler’s formula, we conclude that the general solution of the differential equation is a linear combination of the linearly independent solutions
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· Thus if 
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Solving the Auxiliary Equation

Recall that the auxiliary equation of 
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degree differential equation is 
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degree polynomial equation 

· Solving the auxiliary equation could be difficult
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· One way to solve this polynomial equation is to guess a root 
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· We then try to find roots of the quotient i.e. roots of the polynomial equation 
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· By using this fact we can construct a list of all possible rational roots of the auxiliary equation and test each of them by synthetic division.

Example 1

Solve the differential equation
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Solution:


Given the differential equation
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Substituting this in the given differential equation, we have
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So that the auxiliary equation is
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Solution of the AE

If we take 
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By synthetic division, we can write 
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Hence solution of the differential equation is 
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Example 2


Solve
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Solution:

Given the differential equation
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 Therefore the auxiliary equation is
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Solution of the auxiliary equation:
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c) List of possible rational roots of the auxiliary equation is
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d) Testing each of these successively by synthetic division we find
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Consequently a root of the auxiliary equation is
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The coefficients of the quotient are
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Thus we can write the auxiliary equation as:
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Hence solution of the given differential equation is
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Example 3


Solve the differential equation
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Solution:


Given the differential equation
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Substituting in the differential equation, we obtain
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Hence the general solution of the differential equation is
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Exercise
Find the general solution of the given differential equations.
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Solve the given differential equations subject to the indicated initial conditions.
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