Lecture 09


Solutions of Higher Order Linear Equations-



Preliminary Theory 


Solutions of Higher Order Linear Equations

Preliminary Theory

· In order to solve an nth order non-homogeneous linear differential equation
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we first solve the associated homogeneous differential equation
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· Therefore, we first concentrate upon the preliminary theory and the methods of solving the homogeneous linear differential equation.

· We recall that a function 
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is called solution of the differential equation.

Superposition Principle

Suppose that
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 of the homogeneous linear differential equation
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Then 
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Note that

· A constant multiple 
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· The homogeneous linear differential equations always possess the trivial solution 
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· The superposition principle is a property of linear differential equations and it does not hold in case of non-linear differential equations.
Example 1

The functions 
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all satisfy the homogeneous differential equation
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Now suppose that 
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Then
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Therefore
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Thus
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is also a solution of the differential equation.

Example 2

The function
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is a solution of the homogeneous linear equation
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Now consider
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So that 
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Hence the function 
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is also a solution of the given differential equation. 

The Wronskian

Suppose that 
[image: image30.wmf]2

1

,

y

y

 are 2 solutions, on an interval
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, of the second order homogeneous linear differential equation 
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To verify this we write the equation as 
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Differentiating w.r.to
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, we have
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Since 
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Multiplying 1st equation by 
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Subtracting the two equations we have:
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This is a linear 1st order differential equation in 
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, whose solution is
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· If 
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· If 
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Hence Wronskian of 
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In general

If 
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 solutions, on an interval 
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, of the homogeneous nth order linear differential equation with constants coefficients
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Then

Either
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Linear Independence of Solutions:

Suppose that




[image: image65.wmf]n

y

y

y

,

,

,

2

1

K

 

are n solutions, on an interval 
[image: image66.wmf]I

, of the homogeneous linear nth-order differential equation 
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Then the set of solutions is linearly independent on I if and only if
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In other words

The solutions 
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are linearly dependent if and only if  
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Fundamental Set of Solutions

A set
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of n linearly independent solutions, on interval 
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, of the homogeneous linear nth-order differential equation
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is said to be a fundamental set of  solutions on the interval 
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Existence of a Fundamental Set

There always exists a fundamental set of solutions for a linear nth-order homogeneous differential equation
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on an interval I.

General Solution of Homogeneous Equations

Suppose that 




[image: image76.wmf]{

}

n

y

y

y

,

,

,

2

1

K


is a fundamental set of solutions, on an interval I, of the homogeneous linear nth-order  differential equation 
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Then the general solution of the equation on the interval I is defined to be
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Here 
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Example 1

The functions 
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are solutions of the differential equation
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Example 2

Consider the function
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is a particular solution of differential equation.
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The general solution of the differential equation is
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Hence, the particular solution has been obtained from the general solution.
       

Example 3

Consider the differential equation
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Thus the function 
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Now for all 
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is the general solution of the differential equation on the interval 
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Non-Homogeneous Equations

A function 
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that satisfies the non-homogeneous differential equation
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and is free of parameters is called the particular solution of the differential equation

Example 1

Suppose that
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is a particular solution of the differential equation 
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Example 2

Suppose that
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is a particular solution of the differential equation
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Complementary Function

The general solution
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of the homogeneous linear differential equation
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is known as the complementary function for the non-homogeneous linear differential equation.
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General Solution of Non-Homogeneous Equations

Suppose that

· The particular solution of the non-homogeneous equation
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is 
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· The complementary function of the non-homogeneous differential equation
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is 
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· Then general solution of the non-homogeneous equation on the interval 
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is  given by
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Hence


General Solution = Complementary solution + any particular solution.
Example

Suppose that
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Hence
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is a particular solution of the non-homogeneous equation
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Now consider
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Since,
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Thus 
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Hence general solution of the non-homogeneous equation is




[image: image151.wmf]p

y

c

y

y

+

=
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Superposition Principle for Non-homogeneous Equations

Suppose that 
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denote the particular solutions of the 
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differential equation
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is a particular solution of
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Example

Consider the differential equation
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Suppose that
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Therefore
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is a particular solution of the non-homogenous differential equation 
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Similarly, it can be verified that 
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[image: image167.wmf]x

e

y

y

y

2

2

4

3

=

+

¢

-

¢

¢





and



[image: image168.wmf]x

x

e

xe

y

y

-

y

-

=

+

¢

¢

¢

2

4

3









respectively. 

Hence
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is a particular solution of the differential equation
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Practice Exercise

Verify that the given functions form a fundamental set of solutions of the differential equation on the indicated interval. Form the general solution.
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Verify that the given two-parameter family of functions is the general solution of the non-homogeneous differential equation on the indicated interval.
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