Lecture – 07

Carbon Dating + Newton’s Law Cooling + Orthogonal Trajectories

Carbon Dating

· The isotope C–14 is produced in the atmosphere by the action of cosmic radiation on nitrogen. 
· The ratio of C-14 to ordinary carbon in the atmosphere appears to be constant. 

· The proportionate amount of the isotope in all living organisms is same as that in the atmosphere. 

· When an organism dies, the absorption of 
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 by breathing or eating ceases.

· Thus comparison of the proportionate amount of 
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 present, say, in a fossil with constant ratio found in the atmosphere provides a reasonable estimate of its age. 

· The method has been used to date wooden furniture in Egyptian tombs.

· Since the method is based on the knowledge of half-life of the radio active 
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 (5600 years approximately), the initial value problem discussed in the radioactivity model governs this analysis.

Example:

A fossilized bone is found to contain 
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/

1

of the original amount of C–14. Determine the age of the fissile.
Solution:

Let A(t) be the amount present at any time t and A0 the original amount of C–14. Therefore, the process is governed by the initial value problem.
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We know that the solution of the problem is
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Since the half life of the carbon isotope is 5600 years. Therefore,
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If 
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denotes the time when fossilized bone was found then 
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Newton's Law of Cooling 

From experimental observations it is known that the temperature T (t) of an object changes at a rate proportional to the difference between the temperature in the body and the temperature Tm of the surrounding environment. This is what is known as Newton's law of cooling. 

If initial temperature of the cooling body is 
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 then we obtain the initial value problem   
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is constant of proportionality. The differential equation in the problem is linear as well as separable.
Separating the variables and integrating we obtain

                                          
[image: image18.wmf]ò

=

ô

õ

ó

-

dt

k

T

T

dT

m

 


This means that 






[image: image19.wmf]C

kt

T

T

m

+

=

-

|

|

ln







[image: image20.wmf]C

kt

e

T

T

m

+

=

-




              
[image: image21.wmf]C

m

e

C

e

C

T

t

T

kt

=

+

=

1

1

    

   where

)

(


Now applying the initial condition 
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. Thus the solution of the initial value problem is given by 
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Hence, If temperatures at times 
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So that we can write
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This equation provides the value of 
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 if the interval of time ‘
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Example :  
Suppose that a dead body was discovered at midnight in a room when its temperature was 80( F. The temperature of the room is kept constant at 60( F . Two hours later the temperature of the body dropped to 75( F  . Find the time of death.
Solution: 

Assume that the dead person was not sick, then 
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Therefore, we have to solve the initial value problem
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We know that the solution of the initial value problem is



[image: image33.wmf]
          
[image: image34.wmf]  

)

(

)

(

0

kt

e

T

T

T

t

T

m

m

-

+

=


So that                         
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The observed temperatures of the cooling object, i.e. the dead body, are 
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Substituting these values we obtain
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Now suppose that 
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denote the times of death and discovery of the dead body then
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For the time of death, we need to determine the interval 
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Hence the time of death is 7:42 PM.

Orthogonal Trajectories  

· We know that that the solutions of a 1st order differential equation, e.g. separable equations, may be given by an implicit equation
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     with 1 parameter
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, which represents a family of curves. Member curves  

     can be obtained by fixing the parameter C.  Similarly an nth order DE will

     yields an n-parameter family of curves/solutions.
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· The question arises that whether or not we can turn the problem around: Starting with an n-parameter family of curves, can we find an associated nth order differential equation free of parameters and representing the family. The answer in most cases is yes.

· Let us try to see, with reference to a 1-parameter family of curves, how to proceed if the answer to the question is yes.

1. Differentiate with respect to x, and get an equation-involving x, y, 
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and C. 

2. Using the original equation, we may be able to eliminate the parameter C from the new equation.

3. The next step is doing some algebra to rewrite this equation in an explicit form 
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· For illustration we consider an example:

Illustration

Example:
Find the differential equation satisfied by the family 
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Solution: 

1. We differentiate the equation with respect to x, to get 

                                        
[image: image51.wmf]C

dx

dy

y

x

=

+

2

2


2. Since we have from the original equation that

                                        
[image: image52.wmf]x

y

x

C

2

2

+

=


 then we get 
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3. The explicit form of the above differential equation is
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This last equation is the desired DE free of parameters representing the given family. 

Example: 

Let us consider the example of the following two families of curves
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The first family describes all the straight lines passing through the origin while the second family describes all the circles centered at the origin

If we draw the two families together on the same graph we get

	[image: image57.png]





Clearly whenever one line intersects one circle, the tangent line to the circle (at the point of intersection) and the line are perpendicular i.e. orthogonal to each other. We say that the two families of curves are orthogonal at the point of intersection.

Orthogonal curves:

 Any two curves 
[image: image58.wmf]1

C

 and 
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 are said to be orthogonal if their tangent lines 
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 and 
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 at their point of intersection are perpendicular. This means that slopes are negative reciprocals of each other, except when 
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 are parallel to the coordinate axes.

Orthogonal Trajectories (OT):

When all curves of a family
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 orthogonally intersect all curves of another family 
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 then each curve of the families is said to be orthogonal trajectory of the other. 

Example: 

As we can see from the previous figure that the family of straight lines 
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 and the family of circles
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 are orthogonal trajectories.  

Orthogonal trajectories occur naturally in many areas of physics, fluid dynamics, in the study of electricity and magnetism etc. For example the lines of force are perpendicular to the equipotential curves i.e. curves of constant potential.

Method of finding Orthogonal Trajectory:
Consider a family of curves 
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.  Assume that an associated DE may be found, which is given by:
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Since 
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 gives slope of the tangent to a curve of the family 
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Therefore, the slope of the line orthogonal to this tangent is 
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. In other words, the family of orthogonal curves are solutions to the differential equation 
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The steps can be summarized as follows:

Summary:

In order to find Orthogonal Trajectories of a family of curves
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we perform the following steps: 

Step 1. Consider a family of curves
[image: image78.wmf]Á

 and find the associated differential equation. 

Step 2. Rewrite this differential equation in the explicit form 
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Step 3. Write down the differential equation associated to the orthogonal family 
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Step 4. Solve the new equation. The solutions are exactly the family of orthogonal curves. 

Step 5. A specific curve from the orthogonal family may be required, something like an IVP. 

Example 1 

Find the orthogonal Trajectory to the family of circles 
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Solution:

The given equation represents a family of concentric circles centered at the origin.

Step 1. We differentiate w.r.t. ‘
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’ to find the DE satisfied by the circles.
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Step 2. We rewrite this equation in the explicit form 
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Step 3. Next we write down the  DE for the orthogonal family 
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Step 4.This is a linear as well as a separable DE. Using the technique of linear 

    equation, we find the integrating factor 
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    which gives the solution
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   Which represent a family of straight lines through origin.  Hence the family of 

  straight lines 
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are Orthogonal 

  Trajectories. 

Step 5. A geometrical view of these Orthogonal Trajectories is:
	[image: image91.png]





Example 2 

Find the Orthogonal Trajectory to the family of circles 
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Solution: 

1. We differentiate the given equation to find the DE satisfied by the circles.
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2. The explicit differential equation associated to the family of circles is 
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3. Hence the differential equation for the orthogonal family is 
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4. This DE is a homogeneous, to solve this equation we substitute
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   Therefore the homogeneous differential equation in step 3 becomes 
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   Algebraic manipulations reduce this equation to the separable form: 
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   The constant solutions are given by 
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   The only constant solution is 
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To find the non-constant solutions we separate the variables 
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Integrate 
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Resolving into partial fractions the integrand on LHS, we obtain
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 Hence we have 
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Hence the solution of the separable equation becomes
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which is equivalent to 
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We go back to 
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 to get 
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5. Which is x-axis and a family of circles centered on 
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-axis.  A geometrical  

     view of both the families is shown in the next slide. 
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