Lecture 3

                        Separable and Homogeneous Equations


Separable Equations

The differential equation of the form
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is called separable if it can be written in the form
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To solve a separable equation, we perform the following steps: 

1.  We solve the equation 
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 to find the constant solutions of the equation. 

 2.  For non-constant solutions we write the equation in the form. 
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      then integrate
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      to obtain a solution of the form
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3. We list the entire constant and the non-constant solutions to avoid repetition.. 

4.  If you are given an IVP, use the initial condition to find the particular solution. 

 Note that:

 (a) No need to use two constants of integration because 
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 (b) The constants of integration may be relabeled in a convenient way. 

 (c) Since a particular solution may coincide with a constant solution, step 3 is important. 

Example 1: 

Find the particular solution of 
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Solution:   

1.  By solving the equation
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     we obtain the constant solutions
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2.  Rewrite the equation as 
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     Resolving into partial fractions and integrating, we obtain 
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     Integration of rational functions, we get  
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3. The solutions to the given differential equation are 
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4.  Since the constant solutions do not satisfy the initial condition, we plug in the condition 
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 in the solution found in step 2 to find the value of 
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      The above implicit solution can be rewritten in an explicit form as:   
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Example 2:  

Solve the differential equation
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Solution: 

1. We find roots of the equation to find constant solutions 
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           No constant solutions exist because the equation has no real roots.

2. For non-constant solutions, we separate the variables and integrate 
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          Since
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          Thus
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           So that
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      It is not easy to find the solution in an explicit form i.e.
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as a function of t.  

3. Since 
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 no constant solutions, all solutions are given by the implicit equation found  

      in step 2.

Example 3:   

Solve the initial value problem 
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Solution:  

1. Since 

[image: image29.wmf])

1

)(

1

(

1

2

2

2

2

2

2

y

t

y

t

y

t

+

+

=

+

+

+


The equation is separable & has no constant solutions because
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 no real roots of 
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2. For non-constant solutions we separate the variables and integrate. 
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           Which can be written as 
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3. Since
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 no constant solutions, all solutions are given by the implicit or explicit equation. 
      4. The initial condition 
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           The particular solution to the initial value problem is 
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            or in the explicit form
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Example 4:

     Solve
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     Solution:


Dividing with 
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1. The only constant solution is 
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2. For non-constant solution we separate the variables
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      Integrating both sides, we have
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        3. The solutions to the given equation are
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Example 5

Solve
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Solution:


The differential equation can be written as  
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1.  Since 
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2. We separate the variables  
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     Integrating, with use integration by parts by parts on the first term, yields
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3. All the solutions are
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Example 6:

Solve the initial value problems 

(a)
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and compare the solutions.

Solutions: 

1. Since 
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2.  We separate the variables
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      Integrating both sides we have
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3. All the solutions of the equation are
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4. We plug in the conditions to find particular solutions of both the problems

(a) 
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    The particular solution is
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     So that the solution is
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(b) 
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     So that solution of the problem is
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5. Comparison: A radical change in the solutions of the differential equation has   

    occurred corresponding to a very small change in the condition !!  
Example 7:
Solve the initial value problems
(a)
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Solution: 
(a) First consider the problem
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     We separate the variables to find the non-constant solutions
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      Integrate both sides
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      So that 
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     or 
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     Applying
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     Thus the solution of the problem is
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  (b) Now consider the problem 
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     We separate the variables to find the non-constant solutions
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       Applying the condition 
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 Simplification:


 By using the property 
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Comparison:

The solutions of both the problems are

              (a) 
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Again a radical change has occurred corresponding to a very small in the differential equation!
Exercise:

Solve the given differential equation by separation of variables.
1. 
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2. 
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6. 
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Solve the given differential equation subject to the indicated initial condition.

8.
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Homogeneous Differential Equations

A differential equation of the form
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is said to be homogeneous if the function 
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for any number 
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Example 1  

Determine whether the following functions are homogeneous
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Solution:  

The functions 
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is homogeneous because
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Similarly, for the function 
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  Therefore, the second function is also homogeneous. 

   Hence the differential equations 
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    are homogeneous differential equations. 

Method of Solution: 

To solve the homogeneous differential equation
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we use the substitution  
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Since 
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, the differential equation becomes 
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 This is a separable equation. We solve and go back to old variable 
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 through 
[image: image145.wmf]xv

y

=

.

 Summary: 

1. Identify the equation as homogeneous by checking 
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;

 2. Write out the substitution 
[image: image147.wmf]x

y

v

=

;

 3. Through easy differentiation, find the new equation satisfied by the new function 
[image: image148.wmf]v
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 4. Solve the new equation (which is always separable) to find 
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; 

 5. Go back to the old function 
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 through the substitution 
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=

; 

 6. If we have an IVP, we need to use the initial condition to find the constant of integration. 

Caution:

· Since we have to solve a separable equation, we must be careful about the constant solutions.

· If the substitution 
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 does not reduce the equation to separable form then the equation. is not homogeneous or something is wrong along the way.

Illustration:

Example 2  Solve the differential equation 
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Solution:   

Step 1. It is easy to check that the function
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      is a homogeneous function. 

Step 2. To solve the differential equation we substitute
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Step 3. Differentiating w.r.t 
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     which gives 

                              
[image: image159.wmf]÷

ø

ö

ç

è

æ

-

+

+

-

=

v

v

v

x

dx

dv

2

5

2

1

      

       This is a separable.  At this stage please refer to the Caution!
Step 4.  Solving by separation of variables all solutions are implicitly given by 
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Step 5. Going back to the function 
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through the substitution
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       Note that the implicit equation can be rewritten as 
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Equations reducible to homogenous form

The differential equation
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is not homogenous.  However, it can be reduced to a homogenous form as detailed below

Case 1: 
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We use the substitution 
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In this case we substitute
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where 
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 and 
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 are constants to be determined. Then the equation becomes
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We choose 
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and 
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such that
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which reduces the equation to
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which is homogenous differential equation in 
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 and 
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, and can be solved accordingly. After having solved the last equation we come back to the old variables 
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Example 3

Solve the differential equation
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Solution:

Since 
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Thus the equation becomes
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i.e.
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which is a variable separable form, and can be written as
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Integrating both sides we get
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Simplifying and replacing 
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or
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Example 4

Solve the differential equation
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Solution: 

By substitution
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The given differential equation reduces to
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we choose 
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 and 
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Solving these equations we have 
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which is a homogenous equation. We substitute 
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Resolving into partial fractions and integrating both sides we obtain
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Simplifying and removing (
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)from both sides, we get
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Which is solution of the given differential equation, an implicit one.
Exercise

Solve the following Differential Equations
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Solve the initial value problems

6.
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