Lecture 1+ 2

         Introduction and basic definitions


 Motivation
Why is the subject of differential equations important?
· The subject of differential equations is an extremely important one in mathematics and science, as well as many other branches of studies (engineering, economics, commerce) in which changes occur and in which predictions are desirable.
· In most such circumstances, the systems studied come with some kind of "Natural Laws", or observations that, when translated into the language of mathematics, become differential equations.
What is a differential equation?
Definition:
An equation containing the derivatives of one or more dependent variables, with respect to one or more independent variables, is said to be a differential equation (DE).

Example:
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There is one differential equation that everybody probably knows that is Newton’s 2nd law of motion. If an object of mass m is moving with acceleration a and being acted on with force F, then Newton’s 2nd law tells us
Since, we can write acceleration as 
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So, with all these things in mind Newton’s 2nd law can now be written as differential equation in terms of either the velocity v or the position u of the object as follows:

These are actually the differential equations.

Classification by type
Ordinary differential equation:
If an equation contains only ordinary derivatives of one or more variables with respect to a single independent variable, it is said to be an ordinary differential equation (ODE).
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Examples
Partial differential equation:
An equation involving partial derivatives of one or more dependent variables with respect to two or more independent variables is called a partial differential equation (PDE).
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Examples
Classification by order
Definition:
The order of a differential equation (either ODE or PDE) is the order of the highest derivative in the equation.

Note:
This means that a single differential equation can possess an inﬁnite number of solutions corresponding to the unlimited number of choices for the parameter(s).

Examples
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General Notation
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In symbols we can express an nth-order ordinary differential equation in one dependent variable by the general form
Definition: 

The degree of a differential equation is the greatest exponent of the highest order derivative that appears in the equation. (The dependent variable and its derivatives should be expressed in a form free of radicals and fractions). 

Examples
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Classification by linearity
Definition: 

A differential equation is said to be linear if it can be written in the form
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It should be observed that linear differential equations are characterized by two properties:

1. The dependent variable y and all its derivatives are of the first  degree, i.e. the power of each term involving y is one.

2. Each coefficient depends on only the variable x or function of x only.
Definition:         

An equation that is not linear is said to be non-linear. 
Examples:
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Solution of a differential equation:
Any function 
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 deﬁned on an interval 
[image: image2.wmf]I

 and possessing at least n derivatives that are continuous on I, which when substituted into an nth-order ordinary differential equation reduces the equation to an identity, is said to be a solution of the equation on the interval.

That is
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However, for convenience we write solution as
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 .

The interval I in deﬁnition is called as the interval of deﬁnition/ existence/ validity/ the domain of the solution.
Trivial Solution:

It can be noted that 

  is the solution of the equation 
[image: image8.wmf]0

2

/

1

=

-

xy

dx

dy

 
on the interval .  A solution of a differential equation that is identically zero on an interval I is said to be a trivial solution. 

General Solution of an ODE
The solution of an nth-order ordinary differential equation which contains n essential arbitrary constants is called a general solution.

Examples

1. 
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 is a general solution of ODE  .
Particular Solution of an ODE
Any solution obtained from the general solution by giving a particular numerical values to the arbitrary constants is called a specific or particular solution.

Examples:
1. 

 is a particular solution of  
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Singular Solution of an ODE
A solution which cannot be obtained from the general solution by giving numerical values to the arbitrary constants is called a   singular solution.

Examples
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 is particular solution. However,   is also a solution. This solution is the singular solution of the DE, since it cannot be obtained from the general solution.
Family of Solutions: 
A solution containing an arbitrary constant represents a set G(x, y, c)= 0 of solutions called a one-parameter family of solutions. When solving an nth-order differential equation. 
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,  we seek an n-parameter family of solution .
Examples:
1. 
[image: image42.wmf]c

x

y

+

=

2


 one-parameter family of solutions of ODE . 
2. 
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 two-parameters family of solutions of ODE .
Note:

This means that a single differential equation can possess an inﬁnite number of solutions corresponding to the unlimited number of choices for the parameter(s).


Graphs of the solutions: 
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Initial Value Problems
The initial value problems arise in physical system, the n-th order Initial Value Problem (IVP).
[image: image52.png]dll
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From the above n-th order IVP, we can see the first and second order I V Problems as below
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In case of first order IVP, we are seeking a solution 
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 on an interval I containing 
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[image: image58.png]solutions of the DE.





                                       Figure 1: Solution of the first order IVP.



Note: See examples from the book.

Existence and Uniqueness of the solution 
Theorem 1: (Existence and Uniqueness Theorem)
Let R be a rectangular region in the xy-plane deﬁned by 
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 that is a solution of the initial value problem (First order initial value problem).
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                                            Figure 2: Rectangular Region
Note: The above result is one of the most popular existence and uniqueness theorems for ﬁrst-order differential equations because the criteria of continuity of 
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 are relatively easy to check. The geometry of the Theorem 1 is given in Figure 2.
Important Remark:
The conditions in Theorem 1 are sufﬁcient but not necessary. This means that when
and 
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 are continuous on a rectangular region R, it must always follow that a solution exists and is unique whenever 
is a point interior to R. However, if the conditions stated in the hypothesis of Theorem 1 do not hold, then anything could happen: the problem may still have a solution and this solution may be unique, or may have several solutions, or it may have no solution at all.

Example:
By inspection show that the given initial value problem has at least two solutions
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Solution:

Each of the function 
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satisfies the given differential equation and the initial condition. Therefore, the initial value problem
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has at least two  solutions. As illustrated in Figure 3 that bloth the solutions passes through (0,0). 
                                    [image: image81.png]



                       Figure 3: Two solution of the same initial value problem.
For unique solution: (By using the existence and uniqueness theorem)
As we have seen in this example that the given differential possesses at least two solutions which passes through origin (0,0). As functions
                         [image: image82.png]fly) = xy'?
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shows that they are continous in the half-plane defined by y>0. Thus, by theorem we can conclude that trough any point 

                                                               [image: image83.png](x0. y0), yo >0
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[image: image85.png]upper half-plane there is some interval centered at x on which the given differential
equation has a unique solution. Thus, for example, even without solving it, we know
that there exists some interval centered at 2 on which the initial-value problem
dy/dx = xy"2, y(2) = 1 has a unique solution. n
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