Constrained Maximization-Lagrangian Multipliers
· When the constraints are too complex or numerous, the substitution method is not feasible.
· The Lagrangian method creates a new objective function by incorporating the original objective function and all the constraint conditions.
· When the new Lagrangian function is maximized or minimized, the original objective function is maximized or minimized and all the constraints are satisfied. 
· E.g. minimize TC = 3X2 + 6Y2 - XY


subject to X + Y = 20.
· Step 1: Rearrange the constraint: 

0 = 20 - X - Y
· Step 2: Multiply the constraint by the unknown factor ( and add the result to the original objective function to create the Lagrangian function: 
LTC = 3X2 + 6Y2 - XY + ((20 - X - Y)
· Step 3: Treat the Lagrangian function as an unconstrained optimization problem since it already incorporates the constraint.
· Step 4: Solve the optimization problem by the use of partial derivatives:

dLTC/dX = 6X - Y - ( 

dLTC/dY = 12Y - X - ( 

dLTC/dl = 20 - X - Y 
· Step 5: Set the partial derivatives equal to zero and solve the system of equations:

6X - Y - ( = 0

12Y - X - ( = 0

20 - X - Y = 0

(three equations and three unknowns)
· X = 13, Y = 7, TC = 710.
The Lagrangian Multiplier (()
· The Lagrangian multiplier has an economic interpretation:
· From the example, ( = 71.  Since the original objective function is a total cost function, (  is interpreted as the marginal cost of producing 20 units of output.  
· So, if the firm could produce 19 units, TC would decrease by approximately 71.  Or, if the firm could produce 21 units, TC would increase by approximately 71.
· E.g. maximize p = -10,000 + 400Q - 2Q2 



subject to 4Q = 300

· Rearrange and write out the Lagrangian function:


Lp = -10,000 + 400Q - 2Q2 + l (300 - 4Q)

· Take the partial derivatives and set them equal to zero:


dLp/dQ = 400 - 4Q - 4l = 0


dLp/dl = 300 - 4Q = 0

· Q = 75, l = 25, p = 8,750.

· If the right-hand-side of the constraint can be increased by one unit, the profits will increase by 25. 
· E.g. TR = 20T + 5N + 20TN - T2 

· 
where 

· 
T = units of television advertising 

· 

(cost = $10 per unit)

· 
N = units of newspaper advertising

· 

(cost = $5 per unit)

· There is a $100 advertising budget constraint.

· Calculate the revenue-maximizing combination of television and newspaper advertising.

· Maximize TR = 20T + 5N + 20TN - T2 



subject to 10T + 5N = 100

· Rearrange the constraint and write out the Lagrangian function:

· LTR = 20T + 5N + 20TN - T2 + l(100 - 10T - 5N)

· Take the partial derivatives and set them equal to zero:


dLTR/dT = 20 + 20N - 2T - 10l = 0


dLTR/dN = 5 + 20T - 5l = 0


dLTR/dl = 100 - 10T - 5N = 0

· Solve the system of equations:


(T = 5 units, N = 10 units, TR = $1,125

· Interpret the value of the Lagrangian multiplier:


l = $21


Lambda measures the marginal revenue to be gained by increasing the advertising budget by $1.  It is not the revenue gain associated with a unit increase in either television or newspaper advertising, but rather the revenue increase following a $1 increase in expenditures on an appropriate combination of television and newspaper ads.

















































