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Handout -12
Number Theory and Finite Fields
Group
Groups, rings, and fields are the fundamental elements of a branch of mathematics known as abstract algebra, or modern algebra. In abstract algebra, we are concerned with sets on whose elements we can operate algebraically; that is, we can combine two elements of the set, perhaps in several ways, to obtain a third element of the set. These operations are subject to specific rules, which define the nature of the set. By convention, the notation for the two principal classes of operations on set elements is usually the same as the notation for addition and multiplication on ordinary numbers. However, it is important to note that, in abstract algebra, we are not limited to ordinary arithmetical operations. 
A group G, sometimes denoted by {G, • }, is a set of elements with a binary operation, denoted by •, that associates to each ordered pair (a, b) of elements in G an element (a • b) in G, such that the following axioms are obeyed: Closure, Associative, Identity element, Inverse element. 
Note - we have used . as operator: could be addition +, multiplication x or any other mathematical operator. A group can have a finite (fixed) number of elements, or it may be infinite. Note that integers (+ve, -ve and 0) using addition form an infinite abelian group. So do real numbers using multiplication.
Ring
Next describe a ring. In essence, a ring is a set in which we can do addition, subtraction [a – b = a + (–b)], and multiplication without leaving the set, and which obeys the associative and distributive laws. We denote a Ring as {R,+,.}
With respect to addition and multiplication, the set of all n-square matrices over the real numbers form a ring. The set of integers with addition & multiplication form an integral domain.

Field
Lastly define a field. In essence, a field is a set in which we can do addition, subtraction, multiplication, and division without leaving the set. Division is defined with the following rule: a/b = a (b–1). We denote a Field as {F,+,.}
Examples of fields are: rational numbers, real numbers, complex numbers. Note that integers are NOT a field since there are no multiplicative inverses (except for 1).
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(AD) Closure under additon:
(A2) Associativity of addition:
(A3) Additve identiy:

(A4) Additive inverse:
(AS) Commutativity of addiion:
(M1) Closure under multiplication:
(M2) Associativiy of multiplication:
(M3) Distributive laws:

(M) Commutativity of muliplication:
(MS) Multiplicative idenity:

(M6) No zero divisors:

(M7) Multiplicative inverse:




