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3.1 
Why Study Automata Theory?
The previous chapter provided an introduction into the theory of formal languages, a topic dealing with the syntax structures found in any text-based interaction.
The current chapter will study different kinds of abstract machines – so-called automata – able to recognize the elements of particular languages.  As we will soon discover, these two chapters are profoundly coupled together, and constitute two parts of an almost indivisible whole.
On the one hand, this chapter will deal with many theoretical notions, such as the concept of computation which lies at the heart of automata theory. On the other hand, the exploration we’re about to embark on will let us get to know sev- eral practical techniques and applications, such as taking advantages of compiler compilers, which will hopefully help extending one’s panoply of essential tools.
3.2 
Computation
The current chapter is basically concerned with the question:
“Does a particular string w belongs to a given language L or not?”
In fact, this very question constitutes the foundational definition of computation, whose theory gave birth to computers – those devices that changed our world.
The term computation carries nowadays various meanings, such as any type of information processing that can be represented mathematically.
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3.2.1
Definition of Computation
In theoretical computer science, computation refers to a mapping that associates to each element of an input set X exactly one element in an output set Y . Without loss of generality, the definition of computation can be defined using the simple alphabet Σ = {0, 1}. The input set X can thus be defined as the Kleene closure
of the alphabet {0, 1}∗. Interestingly, restricting the output set Y  to {0, 1} – i.e.
considering only “yes or no” decision problems – doesn’t really make any differ- ence: even if we allow more complicated answers, the resulting problems are still equivalent to “yes or no” decision problems.
Computation thus deals mainly with decision problems of the type “given an integer n, decise whether or not n is a prime number” rather than (equivalent)
problems of the type “given two real numbers x and y, what is their product x×y”.
Definition 3.1. A decision problem is a mapping
{0, 1}∗ −→ {0, 1}
that takes as input any finite string of 0’s and 1’s and assign to it an output con- sisting of either 0 (“no”) or 1 (“yes”).
Obviously, the theory computation and the theory of formal language are just two sides of the same coin: solving a decision problem is the same as accepting strings of a language (namely, the language of all strings that are mapped to 1).
3.2.2
O Notation
The theory of computation is also closely related to the theory of computational complexity, which is concerned with the relative computational difficulty of com- putable functions. The question there is how the resource requirements grow with input of increasing length. Time resource refers to the number of steps required, whereas space resource refers to the size of the memory necessary to perform the computation.
In fact, we are not interested in the exact number of time steps (or bits of memory) a particular computation requires (which depends on what machine and language is being used), but rather in characterizing how this number increases with larger input. This is usually done with help of the O notation:
Definition 3.2. The O notation (pronounce: big oh) stands for “order of” and is used to describe an asymptotic upper bound for the magnitude of a function in terms of another, typically simpler, function.
f (x) is O(g(x)) if and only if ∃x0 , ∃c  > 0 such that |f (x)| ≤ c · |g(x)| for
x > x0 .
In other words: for sufficiently large x, f (x) does not grow faster than g(x), i.e. f (x) remains smaller than g(x) (up to a constant multiplicative factor).
The statement “f (x) is O(g(x))” as defined above is usually written as f (x) = O(g(x)). Note that this is a slight abuse of notation: for instance O(x) = O(x2 ) but O(x2 ) = O(x). For this reason, some literature prefers the set notation and
write f ∈ O(g), thinking of O(g) as the set of all functions dominated by g.
Example 3.1. If an algorithm uses exactly 3n2  + 5n + 2 steps to process an input string of length n, its time complexity is O(n2 ).
Example 3.2. Searching a word in a dictionary containing n entries is not a prob- lem with linear time complexity O(n):  since the words are sorted alphabetically, one can obviously use an algorithm more efficient than searching each page start- ing from the first one (for instance, opening the dictionary in the middle, and then again in the middle of the appropriate half, and so on). Since doubling n requires only one more time step, the problem has a time complexity of O(log(n)).
3.3 
Finite State Automata
Imagine that you have to design a machine that, when given an input string con- sisting only of a’s, b’s and c’s, tells you if the string contains the sequence “abc”.

At first sight, the simplest algorithm could be the following:
1.  Start with first character of the string.
2.  Look if the three characters read from the current position are a, b and c.

3.  If so, stop and return “yes”.
4.  Otherwise, advance to the next character and repeat step 2.
5.  If the end of the string is reached, stop and return “no”.
In some kind of pseudo-code, the algorithm could be written like this (note the two for loops):
input =  raw_input("Enter  a string: ")
sequence =  "abc" found =  0
for i in range(1, len(input) - 2):
flag =  1
for j in range(1, 3):
if input[i +  j]  != sequence[j]:
flag =  0
if flag:
found =  1
if found:
print "Yes" else:
print "No"
If the length of the input string is n, and the length of the sequence to search for is k (in our case: k = 3), then the time complexity of the algorithm is O(n · k).
Yet, there’s room for improvement... Consider the following algorithm:
0.  Move to the next character.
If the next character is a, go to step 1. Otherwise, remain at step 0.
1.  Move to the next character.
If the next character is b, go to step 2.
If the next character is a, remain at step 1. Otherwise, go to step 0.
2.  Move to the next character.
If the next character is c, go to step 3. If the next character is a, go to step 1. Otherwise, go to step 0.
3.  Move to the next character.
Whatever the character is, remain at step 3.
Listing 3.1: A more efficient algorithm to search for the sequence “abc”.

If the end of the input string is reached on step 3, then the sequence “abc” has been found. Otherwise, the input string does not contain the sequence “abc”.

Note that with this algorithm, each character of the input string is only read once.   The time complexity of this algorithm is thus only O(n)!    In fact, this algorithm is nothing else than a finite state automaton.
3.3.1
Definition
A finite state automaton (plural: finite state automata) is an abstract machine that successively reads each symbols of the input string, and changes its state accord- ing to a particular control mechanism. If the machine, after reading the last symbol of the input string, is in one of a set of particular states, then the machine is said to accept the input string. It can be illustrated as follows:
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Figure 3.1: Illustration of a finite state automaton.
Definition 3.3. A finite state automaton is a five-tuple

(Q, Σ, δ, q0 , F )
consisting of:
1.  Q: a finite set of states.
2.  Σ: a finite set of input symbols.
3.  δ : (q, s)  ∈ Q × Σ  −→ q"  ∈ Q: a transition function (or transition table)
specifying, for each state q and each input symbol s, the next state q" of the
automaton.
4.  q0 ∈ Q: the initial state.
5.  F ⊂ Q: a set of accepting states.
The literature abounds with TLA’s1  to refer to finite state automata (FSA): they are also called finite state machines (FSM) or deterministic finite automata (DFA).
A finite state automaton can be represented with a table.  The rows indicate the states Q, the columns the input symbols Σ, and the table entries the transition
function δ.  The initial state q0  is indicated with an arrow →, and the accepting
states F are indicated with a star ∗.

Example 3.3. Consider the example used in the introduction of this section, namely the search for the sequence “abc” (see Listing 3.1). The corresponding finite state automaton is:
→ q0
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3.3.2
State Diagrams
A finite state automaton can also be represented graphically with a state or tran- sition diagram.  Such as diagram is a graph where the nodes represent the states and the links between nodes represent the transitions. The initial state is usually indicated with an arrow, and the accepting states are denoted with double circles.
Example 3.4. The automata given in the previous Example 3.3 can be graphically represented with the state diagram shown in Figure 3.2.
3.3.3
Nondeterministic Finite Automata
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The deterministic finite automata introduced so far are clearly an efficient way of searching some sequence in a string. However, having to specify all possible tran- sitions is not extremely convenient.  For instance, Figure 3.2 (especially among
1 Three-Letter Abbreviations
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Figure 3.2: State diagram of a finite state automaton accepting the strings contain- ing “abc”.

the states q0 , q1  and q2 ) illustrates already with a simple case how this task can quickly become tedious.
A nondeterministic finite automaton (NFA) has the power to be in several states at once. For instance, if one state has more than one transition for a given input symbol, then the automaton follows simultaneously all the transitions and gets into several states at once. Moreover, if one state has no transition for a given input symbol, the corresponding state ceases to exist.
Figure 3.3 illustrates how a nondeterministic finite automaton can be substan- tially simpler than an equivalent deterministic finite automaton.
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Figure 3.3:  State diagram of a nondeterministic finite automaton accepting the strings containing “abc”.

Definition 3.4. A nondeterministic finite automaton is a five-tuple

(Q, Σ, δˆ, q0 , F )
consisting of:
1.  Q: a finite set of states.
2.  Σ: a finite set of input symbols.
3.  δˆ : (q, s) ∈ Q × Σ −→ {qi , qj , . . .} ⊆ Q: a transition function (or transition table) specifying, for each state q and each input symbol s, the next state(s)
{qi , qj , . . .} of the automaton.
4.  q0 ∈ Q: the initial state.
5.  F ⊂ Q: a set of accepting states. An input w is accepted if the automaton, after reading the last symbol of the input, is in at least one accepting state.
Example  3.5.  The transition table shown in Figure 3.3 is the following:


δˆ of the nondeterministic  finite automaton
→ q0
q1
q2
∗q3
3.3.4
Equivalence  of Deterministic  and  Nondeterministic Fi- nite Automata
Clearly, each deterministic finite automaton (DFA) is already a nondeterministic finite automaton (NFA), namely one that happens to always be in just one state. A surprising fact, however, is the following theorem:
Theorem  3.1. Every language that can be described by an NFA (i.e. the set of all strings accepted by the automaton) can also be described by some DFA.
Proof.  The proof that DFA’s can do whatever NFA’s can do consists in showing that for every FNA, a DFA can be constructed such that both accepts the same languages.  This so-called “subset construction proof” involves constructing all subset of the set of state of the NFA.
In short, since an NFA can only be in a finite number of states simultaneously, it can be seen as a DFA where each “superstate” of the DFA corresponds to a set of states of the NFA.
Let N   =  {QN , Σ, δˆN , q0 , FN } be an NFA. We can construct a DFA D  =
{QD , Σ, δD , q0 , FD } as follows:
• QD   = 2QN . That is, QD  is the power set (the set of all subsets) of QN .
• δD (S, a) = ! δˆN (p, a)
p∈S
• FD   = "S ⊂ QN # S ∩ FN = ∅$.  That is, FD   is all sets of N ’s states that
include at least one accepting state of N .
It can “easily” be seen from the construction that both automata accept exactly the same input sequences.
Example  3.6.  Figure 3.4 shows an NFA that accepts strings over the alphabet Σ = {0, 1, 2, . . . , 9} containing dates of the form “19?0”, where ? stands for any possible digit. Figure 3.5 shows an equivalent DFA.
3.3.5
Finite Automata and Regular  Languages
We have seen so far different examples of finite automata that can accept strings that contain one or more substrings, such as “abc” or “19?0”. Recalling what wew have learned in Chapter 2, we note that the corresponding languages are in fact regular, such as the language corresponding to the regular expression
(a | b | c)∗ abc (a | b | c)∗
More generally, it can be proven that for each regular expression, there is a finite automaton that defines the same regular language. Rather than providing a proof, which can be found for instance in Hopcroft et al. (2001), we only give here an illustrating example.  It can be seen that the following NFA defines the same
language as the regular expression a∗b+ c:
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Figure 3.4: An NFA that searches for dates of the form “19?0”.
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Figure 3.5: Conversion of the NFA from Figure 3.4 to a DFA.
In summary, it can be shown that any regular language satisfies the following equivalent properties:
• It can be generated by a regular grammar.
• It can be described by a regular expression.
• It can be accepted by a deterministic finite automaton.
• It can be accepted by a nondeterministic finite finite automaton.
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