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2.5.4
Ambiguity and Leftmost Derivations
The tacit assumption so far was that each grammar uniquely determines a structure for each string in its language.  However, we’ll see that not every grammar does provide unique structures.
Consider for instance the string “2 − 3 − 4”. Figure 2.7 shows that this expres-
sion can be evaluated, with respect to the grammar given above, to either
(2 − 3) − 4 = −5
or
2 − (3 − 4) = 3
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Figure 2.7:  Two parse trees showing the two possible derivations of the input string “2 − 3 − 4”.
Definition 2.9. A grammar is said to be ambiguous if the language it generates contains some string that have more than one possible parse tree.2
Note that the ambiguity is caused by a multiplicity of parse trees (and thus a multiple syntactic interpretation of the string) rather than a multiplicity of deriva- tions. For instance, the string “2 + 3” has the two derivations
S ⇒ S + S ⇒ 2 + S ⇒ 2 + 3

and


S ⇒ S + S ⇒ S + 3 ⇒ 2 + 3

However, the is no real difference between the structures provided by these deriva- tions, which both result in the parse tree shown in Figure 2.6.
2 See also Definition 2.11.
Definition 2.10. The leftmost derivation of a string is the derivation obtained by always replacing the lest-most non-terminal symbols first. Similarly, the rightmost derivation of a string is the derivation obtained by always replacing the right-most non-terminal symbols first.

Some textbooks define a grammar as ambiguous only when the language con- tains some strings that have more than one leftmost (or rightmost) derivation.
Definition  2.11 (Alternative).  A grammar is said to be ambiguous if the lan- guage it generates contains some string that can be derived by two distinct lefmost derivations.
Note that the problem of grouping a sequence of (identical) operators from the left or from the right (what is referred to as the left- or right-associativity) is not the same as imposing a leftmost or rightmost derivation.  Figures 2.7(a) and
2.7(b) represent a grouping of the “−” operators from the left and from the right,
respectively.
Yet, both parse trees can be obtained with leftmost derivations:
S ⇒ S − S ⇒ (S − S) − S ⇒ (2 − S) − S ⇒ (2 − 3) − S ⇒ (2 − 3) − 4
and
S ⇒ S − S ⇒ 2 − S ⇒ 2 − (S − S) ⇒ 2 − (3 − S) ⇒ 2 − (3 − 4)
respectively. Note that the parentheses are not part of the derivation, but are only inserted to show the order of rewriting.
Removing ambiguity from grammars
In an ideal world, we would be able to give you an algorithm to remove ambigu- ity from context-free grammars.  However, the surprising fact is that there is no algorithm whatsoever that can even tell us whether a context-free grammar is am- biguous in the first place. In fact, there are even context-free languages that have nothing but ambiguous grammars; for these languages, removal of ambiguity is impossible.
Fortunately, the situation in practice is not so grim. For the sorts of constructs that appear in common context-free languages (such as programming languages), there are well-known techniques for eliminating ambiguity. The problem encoun- tered with the grammar of Table 2.5 is typical, and we shall now explore the elimination of its ambiguity as an important illustration.
First, let us note that there are two distinct causes of ambiguity in the grammar of Table 2.5:
1.  A sequence of “+” or “−” operators,  or a sequence of “×” operators, can group either from the left or from the right.  Most operators are left- associative in conventional arithmetics:
2 − 3 + 4 − 3 − 2 = (((2 − 3) + 4) − 3) − 2
2.  The precedence of operators in not respected. In conventional arithmetics, the “×” has a highest precedence than the “+” or “−” operators:
2 − 3 × 4 = 2 − (3 × 4)
The solution of the problem is to introduce several different variables, each of which represents those expressions that share a level of “binding strength.” Specifically:

1.  Any string in the language is a mathematical expression E.
2.  Each expression consists in the sum or difference of terms T (or just in a single term).
3.  Each term consists, in turn, in the product of factors F (or just in a single factor).
This hierarchy can be illustrated as follows:
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This leads us to the following unambiguous grammar:
	S
	→
	E

	E
	→
	T | E + T | E − T

	T
	→
	F | T × F

	F
	→
	N

	N
	→
	2 | 3 | 4


Table 2.6: A simple unambiguous context-free grammar.
If we consider the expression “2 − 3 × 4”, we can see that the only possible parse tree for this string is the one shown in Figure 2.8, which corresponds to a derivation such as:
S 
⇒  E − T ⇒ T − T
⇒  F − T ⇒ N − T ⇒ 2 − T
⇒  2 − T × F ⇒ 2 − F × F
⇒  2 − N × F ⇒ 2 − 3 × F
⇒  2 − 3 × N  ⇒ 2 − 3 × 4
2.6 
Context-Sensitive Languages and  Unrestricted
Grammars
The context-sensitive grammars represent an intermediate step between the context- free and the unrestricted grammars.  No restrictions are placed on the left-hand side of a production rule, but the length of the right-hand side is required to be at least that of the left.
Note that context-sensitive grammars (and context-sensitive languages) are the least often used, both in theory and in practice.
Definition 2.12. A grammar G = (Σ, V, P, S) is called context-sensitive if each rule has the form u → v, where u, v ∈ (Σ ∪ V )+ , and |u| ≤ |v|.
In addition, a rule of the form S → ! is permitted provided S does not appear
on the right side of any rule.  This allows the empty string ! to be included in
context-sensitive languages.
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Figure 2.8:  Parsing tree of the expression “2 − 3 × 4” using an unambiguous
grammar.
Definition 2.13. A context-sensitive language is a formal language that can be defined by a context-sensitive grammar.
Example 2.9. A typical example of context-sensitive language that is not context- free is the language
L = !an bn cn " n > 0#
which can be generated by the following context-sensitive grammar:
	S
	→
	aAbc | abc

	A
	→
	aAbC | abC

	C b
	→
	bC

	C c
	→
	cc


The last rule of this grammar illustrates the reason why such grammars are called “context-sensitive”:  C can only be replaced by c in a particular context – namely when it is followed by a c.

Definition 2.14. An unrestricted grammar is a formal grammar G = (Σ, V, P, S)
where each rule has the form u → v, where u, v ∈ (Σ ∪ V )+ , and u = !.
As the name implies, there are no real restrictions on the types of production rules that unrestricted grammars can have.
2.7 
The Chomsky  Hierarchy
The previous sections introduced different classes of formal grammars: regular, context-free, context-sensitive and unrestricted. These four families of grammars make up the so-called Chomsky hierarchy3 , with each successive family in the hierarchy permitting additional flexibility in the definition of a rule.
The nesting of the families of grammars of the Chomsky hierarchy induces a nesting of the corresponding languages:
Lregular   ⊂ Lcontext-free ⊂ Lcontext-sensitive  ⊂ Lunrestricted ⊂ P (Σ∗)
where Ltype   is the set of all languages generated by a grammar of type type, and
P (Σ∗) the power set of Σ∗, i.e. the set of all possible languages.
The Chomsky hierarchy is summarized in Table 2.7.
3 Named after the renowned linguist and philosopher Noam Chomsky, who described this hier- archy of grammars in 1956.
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Type 
Grammar 
Production Rules 
Example of Language
{an bn cn " n ≥ 0}
{an bn  " n ≥ 0}
3 
Regular 
A → ! | a | aB 
{am bn  " m, n ≥ 0}
Table 2.7: The Chomsky hierarchy.
The next chapter, which is tightly linked with the theory of formal languages, deals with the following question:
Given a language of a particular type, what is the necessary complex- ity for an abstract machine to recognize the elements of that language?
2.7.1
Undecidable  Problems
There are a number of interesting problems whose decidability is limited to a certain level in the Chomsky hierarchy. Here are four important ones:
1.  The recognition problem
Given a string w and a grammar G, is w ∈ L(G)?
2.  The emptiness problem
Given a grammar G, is L(G)  = ∅?
3.  The equivalence  problem
Given two grammars G1  and G2 , is L(G1 ) = L(G2 )?
4.  The ambiguity problem
Given a grammar G, is G ambiguous?
Table 2.8 indicates, for each of these problems and for each type of language in the Chomsky hierarchy, whether the problem is decidable or not.
	Type
	Problem: (√ = decidable, ! = undecidable)

	
	1. Recognition
	2. Emptiness
	3. Equivalence
	4. Ambiguity

	0
1
2
3
	!
√
√
√
	!
!
√
√
	!
!
!
√
	!
!
!
√


Table 2.8: Decidability of problems in the Chomsky hierarchy.
2.8 
Chapter Summary
• Grammar and Language Terminology: we introduced the basic notation and terminology required to describe formal grammar and languages.
• Production Rules: we showed how a finite set of production rules (a gram- mar) was a convenient way of describing a potentially infinitely large set of strings (a language).
• Regular, Context-Free, Context-Sensitive and Unrestricted Grammars: we introduced the four major families of formal grammars.
• Regular Expressions: we describe how regular expressions provide a con- venient way of describing regular languages.
• Syntax, Parse and Grammar Trees: we defined various ways of graphically representing the syntactical structure, or the possible derivations of elements in a language.
• Parsing and Ambiguity: we learned some of the problems – as well as some method to remove them – encountered when trying to analyze the syntacti- cal structure of an element in a language.
• Chomsky Hierarchy:  we introduced the traditional hierarchy of grammars and languages, and mentioned the decidability for some problems.
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