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2.4 
Regular Languages
Languages and their generative grammars can be be classified into different cate- gories depending on the complexity of the structures of their production rules.
The first category, which correspond to the simplest kind of production rules, is called regular.
2.4.1
Regular  Grammars
Definition 2.4.  All the production rules of a right regular grammar are of the form:
A → xyz . . . X
where A is a non-terminal symbol, xyz . . . zero or more terminal symbols, and X zero or one non-terminal symbol. A left regular grammar have productions rules of the form:
A → X xyz . . .
A regular grammar is either a left regular or a right regular grammar.
Metaphorically speaking, regular grammars generate the elements of the lan- guage by “appending” the symbols at either the right or the left during the deriva- tion.
Example 2.3. An example of a regular grammar G with Σ = {a, b}, V = {S, A}, consists of the following set of rules P :
S 
→  aS | aA A   →  bA | !
Definition 2.5. A regular language is a language that can be generated by a regular grammar.
Example  2.4. An archetypical regular language is:
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L = !am bn  " m, n ≥ 0#
L is the language of all strings over the alphabet Σ  =  {a, b} where all the a’s precede the b’s: L = {!, a, b, aa, ab, bb, aaa, aab, . . .}.
2.4.2
Regular  Expressions
Regular languages are typically described by regular expressions.  A regular ex- pression is a string that describes or matches a set of strings (the elements of the corresponding regular language), according to certain syntax rules.
There are several kinds of syntax for regular expressions.  Most of them are equivalent and only differ in the symbols they use. Regular expression operators commonly used are:
Symbol 
Stands for...
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+ 
at least one occurrence of the preceding symbol
* 
zero, one, or more occurrences of the preceding symbol
? 
zero or one occurrence of the preceding symbol
| 
logical “or”
! 
the empty string
Examples of regular expressions
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Regular Expression 
Elements of the Language abc 
abc
a*bc 
bc, abc, aabc, aaabc, aaaabc, ...
go+gle 
gogle, google, gooogle, ... pfeiff?er 
pfeifer, pfeiffer
pf(a|e)ifer 
pfaifer, pfeifer
They are widely used for searching, e.g. in text documents or on the internet. Popular search engines/tools that utilize regular expressions are for example grep or – to some extent – Google.
Unix regular expressions
The traditional regular expressions, even though they are considered as obsolete by some standards, are still widely used in the Unix world, such as by the grep or sed utilities. The basic syntax is as follows:
Symbol 
Matches...
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.
any single character (wildcard)
[ ]
a single character that is contained within the brack- ets
[∧   ]
a single character that is not contained within the
brackets
\n
a digit from 0 to 9
∧
start of the string
$ 
end of the string
* 
zero, one or more copies of the preceding symbol (or expression)
{x,y}
at least x and not more than y copies of the preceding symbol (or expression)
Some standard defines classes or categories of characters such as:
	Class
	Similar to
	Meaning

	[[:upper:]]
	[A-Z]
	uppercase letters

	[[:lower:]]
	[a-z]
	lowercase letters

	[[:alpha:]]
	[A-Za-z]
	upper-  and  lowercase

	
	
	letters

	[[:digit:]]
	[0-9]
	digits

	[[:alnum:]]
	[A-Za-z0-9]
	digits, upper- and low-

	
	
	ercase letters

	[[:space:]]
	[ \t\n]
	whitespace characters

	[[:graph:]]
	[∧[:space:]]
	printed characters


Finally, the more modern “extended” regular expressions differs principally in that it includes the following symbols:
Symbol 
Matches...
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+ 
one or more copies of the preceding symbol (or ex- pression)
?
zero or one copy of the preceding symbol (or expres- sion)
|
either the expression before or the expression after
\
the next symbol literally (escaping)
2.5 
Context-Free Languages
The next category of languages, which are more complex than the regular lan- guages we’ve just met, yet less complex than the context-sensitive languages we’ll encounter in the next section, are the so-called context-free languages.
Context-free languages include most programming languages, and is thus one the central category in the theory of formal languages.
Definition 2.6. A context-free grammar is a grammar whose productions rules are all of the form:
A → . . .
where A is a single non-terminal symbol, and where the ellipsis “. . .” stands for any number of terminals and/or non-terminal symbols.
In contrast to regular grammar, a context-free grammar allows the description of symmetries such as the structure of unlimited balanced parenthesis.
To illustrate this, consider the following context-free grammar
S 
→  aS | S(S)S | !
which generates strings over the alphabet Σ = {a, (, )} with any number of cor- rectly balanced parenthesis: (a), ((aa)aaa)a(a)(), . . .
Definition 2.7. A language L is said to be a context-free language if there exists a context-free grammar G, such that L = L(G).
In other words, a context-free language is a language that can be generated by a context-free grammar.
Example  2.5. A simple context-free grammar is
S → aSb | !
It generates the context-free language
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L = !an bn  " n ≥ 0#
which consists of all strings that contain some number of a’s followed by the same number of b’s: L = {!, ab, aabb, aaabbb, . . .}.
Note that at least one rule of a context-free grammar has to be of the form
A → xy . . . X Y . . . vw . . .
and has to be recursive, either directly
A → xAy
or indirectly


A   →  xBy
B 
→  vAw
Example  2.6. The following grammar generates strings containing any number of a’s and b’s within a pair of quotes.
	S
	→
	“A”

	A
	→
	aA | B

	B
	→
	Bb | !


It may look at first sight context-free, but is in fact equivalent to the following regular grammar, thus showing that the corresponding language is regular:
	
	S
	→  “A

	
	A
B
	→  aA | B
→  bB | ”

	2.5.1
	Backus-Naur Forms
	


A BNF (Backus-Naur form or Backus normal form) is a particular syntax used to express context-free grammars in a slightly more convenient way.  A derivation rule in the original BNF specification is written as
< symbol > ::= < expression with symbols >
Terminal symbols are usually enclosed within quotation marks (“...” or ‘...’):
< number >   ::=    < digit >  |  < digit >< number >
< digit >   ::=    “0” | “1” | “2” | “3” | “4” | “5” | “6” | “7” | “8” | “9”
Example  2.7. The standard BNF’s syntax may be represented with a BNF like the following:
	< syntax >
< rule >
	::=
::=
	< rule >  |  < rule >< syntax >
< opt-whitespace > “ < ” < rule-name > “ > ”

	
	
	< opt-whitespace > “ ::= ” < opt-whitespace >

	
	
	< expression >< line-end >

	< opt-whitespace >
< expression >
< line-end >
< list >
< term >
< literal >
	::=
::=
::=
::=
::=
::=
	“” | “” < opt-whitespace >
< list >  |  < list > “|” < expression >
< opt-whitespace >< EOL > | < line-end >< line-end >
< term > | < term >< opt-whitespace >< list >
< literal > |“ < ” < rule-name > “ > ” ““” < text > “””


There are many extensions of and variants on BNF. For instance, the extended Backus-Naur form (EBNF), replaces the “::=” with a simple “=”, allows the angle brackets “<...>” for nonterminals to be omitted, and uses a terminating character (usually a semicolon) to mark the end of a rule.   In addition, the comma can be used to separate the elements of a sequence, curly braces “{...}” represent
expressions that may be omitted or repeated (the regexp repetition symbols ∗ and
+ can also be used), and brackets “[...]” represent optional expressions.
Example  2.8.  The following grammar in EBNF notation defines a simplified

HTML syntax:
9’
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| 
‘<ol>’ listElement * ‘</ol>’ ;
listElement 
= 
‘<li>’ element ;

| ‘ ’) +  ;
Figure 2.4 shows the syntax tree corresponding to the following simplified

HTML code:
Buy<ol><li>Fruits<ul><li>Apple<li>Banana</ul><li>Pasta<li>Water</ol>
document
element
text

list
Buy
<ol>


</ol>

listElement

listElement


listElement

<li>


<li>
element


<li>
element
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Figure 2.4: Syntax tree of a simplified HTML string.
which renders in a browser as:
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2.5.2
Grammar Tree
In a previous example, we introduced the following grammar:
S 
→  N | N + S N 
→  0 | 1 | N N
Recall Figure 2.3 (on page 2-10), which illustrated the syntax tree for the derivation of one element of the language (namely the string “10 + 0 + 1”). In a syntax tree, each branching corresponds to a particular production rule, and the leafs represent the terminal symbols (which are then read from left to right).
Definition 2.8. A grammar tree is a tree where each link corresponds to the appli- cation of one particular production rule, and where the leafs represent the elements of the language.
The path from the root element to a leaf corresponds to the derivation of that element.  Obviously, if a language contains an infinite number of elements, its grammar tree is infinitely large.
Figure 2.5 represents the partial grammar tree corresponding to the grammar given above.
You will probably notice that there are at least two leaves in the grammar tree that corresponded to the string “10 + 0 + 1”. This leads us to the next subsections about parsing ambiguities.
2.5.3
Parsing
Parsing (also referred more formally to as “syntactic analysis”) is the process of analyzing a sequence of symbols (or more generally tokens) to determine its gram- matical structure with respect to a given formal grammar.
S
S ! N 
S ! N + S
N 
N + S
N ! 0 
N ! 1 
N ! NN

N ! 0
N ! NN
0 
1 
NN
N ! 0

0 + S

NN + S
N ! 1

N + N

N + N + S
0N + S
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0N

1N + S

NNN + S
N ! 0  N ! 1    N ! NN


N ! 0
00 
01


0NN



00 + S
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10 + S



1NN + S
S ! N 
S ! N + S
10 + N

10 + N + S
N ! 0 
N ! 0


N ! 1

S ! N
10 + 0

10 + 0 + S 
10 + 1 + S

10 + N + N
S ! N
S ! N + S

N ! 0
10 + 0 + N

10 + 0 + N + S

10 + 0 + N
N ! 0 
N ! 1

N ! 0 
N ! 1
10 + 0 + 0

10 + 0 + 1

10 + 0 + 0

10 + 0 + 1
Figure 2.5: Partial grammar tree for the grammar S → N | N + S, N  → 0 | 1 | N .
Parsing transforms input text into a data structure, usually a tree, which is suitable for later processing and which captures the implied hierarchy of the input.
Let us consider the following context-free grammar: The corresponding lan-
S 
→  S + S | S − S | S × S | N N 
→  2 | 3 | 4

Table 2.5: A simple context-free grammar.
guage consists of all mathematical expressions with the operators +, − and ×, and with the number 2, 3 and 4. (Obviously not a very exciting language, but this should do for our illustration purpose).
Parsing a string of this language (such “2 + 3”) means in fact nothing else than the process of evaluating it.  Not so surprisingly, the syntax tree is quite exactly the kind of data structure we’re looking for (see Figure 2.6). In fact, a syntax tree is also referred to as parse tree, as it shows the structure necessary to parse the string.
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S
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“ 2 + 3 ”


S 
+ 
S
2 
3
Figure 2.6: The process of parsing. Left: the input string. Right: the correspond- ing parse tree showing the syntactical structure.
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