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Formal Languages
2.1 
Why Study Formal Languages?
Whenever you interact with a computer using the keyboard, there are good chances that you’re complying to a particular syntax. In fact, you’re almost always using some formal language to communicate with a computer – maybe without you being ever aware of it!
This is obvious when you write some C or Java code, or when you create a web page. Yet, this is also true – as you’ll soon discover – even when you search the web using your favourite search engine, when you enter the address of a website in your browser, when sign up and order a book on Amazon, or when you type on your good old pocket calculator.
The topic of “Formal Languages” thus constitutes the standard way of dealing with the definition, characterization, and validation of text-based communication between human and computer, as well as between computers.  Not only is such kind of communication almost ubiquitous in today’s world, but the formalization of this topic will allow us to smoothly penetrate some of the core areas of theoret- ical computer science – such as formal grammars, automata theory and computa- tional complexity – and will naturally lead us to further exciting topics that will be discussed during the lecture – such as fractals, recursion and chaos.
This chapter is organized as follows. We will start in Section 2.2 by introduc- ing the basic concepts and formalism of formal language theory using analogies with natural language and common knowledge of grammar.  Section 2.3 follows with all sorts of useful, yet more formal definitions. The next three Sections 2.4,
2.5 and 2.6 describe, in an increasing level of complexity, the major classes of
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languages and grammars, which are then summarized in Section 2.7. A brief re- capitulation of the main points of this chapter is provided in the last Section 2.8.
2.2 
Natural and  Formal Languages: Basic Termi- nology
Let’s first give an example of natural and formal languages, so that one under- stands what we’re talking about. English is obviously a natural language, whereas C++ is a formal one.
Interestingly, natural and formal languages – even though they profoundly differ in many respects (see Table 2.1) – share nevertheless sufficient similarities so that a comparison between the two will help us smoothly introduce the topic and the terminology of Formal Languages.
Natural Language
+ High expressiveness
+ No extra learning
− Ambiguity
− Vagueness
− Longish style
− Consistency hard to check

Formal Language
+ Well-defined syntax
+ Unambiguous semantics
+ Can be processed by a computer
+ Large problems can be solved
− High learning effort
− Limited expressiveness
− Low acceptance
Table 2.1: Characteristics of Natural and Formal Languages.
2.2.1
Syntax
Everyone knows, after spending some years sitting on school banks, that a correct German or English sentence should respect the rules of its grammar (except if one tries to do poetry or modern art). Let’s consider the following sentence:
the dog chews a bone.
This sentence can be decomposed into distinct elements (words and punctu- ation signs), each having a particular grammatical function. the is a determinent (Det), dog is a noun (N), chews is a verb (V), . is a punctuation sign (Punc), etc.
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In turn, these new elements can be further combined into higher-level groups. For instance, the dog is the subject (S) and a bone is the object (O):
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This hierarchy can be further expanded into a phrase (P) with the classic subject-verb-object (SVO) structure, until one element remains – the starting or initial symbol (I). Figure 2.1 illustrates how a tree representation is a convenient way of representing the syntax structure of a single phrase.
2.2.2
Semantics
Clearly, we’re only dealing with the structure of a phrase – i.e. its syntax – and not about the actual meaning of the phrase – i.e. its semantics.  In other words, we’re only interested in characterizing phrases that “sounds” English, even if they don’t carry much meaning – such as the phrase “the bone chews a dog.” which is syntacticly correct.
The reason is that verifying the semantics of a phrase is almost impossible, whereas verifying its syntax is much simpler. To draw a comparison with a formal language, each compiler can verify whether a C++ code has a correct syntax (if so, it can be compiled; otherwise, the compiler will generate an error).  But no computer will ever be able to verify that the code corresponds to a meaningful program!1
1 In fact, it’s not even clear what meaningful is at all.  Does a simple “printf("Hello, world!\n");” generate anything meaningful for you?
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Figure 2.1: Tree representation of the syntax of an English phrase.
2.2.3
Grammar
If a syntax tree is a convenient way of representing the syntax of phrase – i.e. a single element of a language – it cannot be used to describe the whole language itself – i.e. the set of all possible elements, such as all syntactically correct English phrases.
This is where grammar rules come into play.  Consider Figure 2.1 from top to bottom.  The starting symbol (represented by a circle) and all non-terminal symbols (represented by boxes) get successively replaced by a set of non-terminal or terminal symbols (represented by diamonds), until there remain only termi- nal symbols.  Each of these replacements can be represented by a production or rewrite rule:
P
S 
V 
O
P → S V O
One possible set of production rules – i.e. a generative grammar –corresponding to our example is the following (“ | ” stands for “or”):
	I
	→
	P P unc

	P
	→
	S V O

	S
	→
	Det N

	O
V Det N
P unc
	→
→
→
→
→
	Det N
chews the | a
dog | bone
.


Table 2.2: A simple generative grammar.
Of course, this simple grammar by far does not generate the whole set of English sentences. However, it allows us to see how this initial grammar could be extended to include more and more phrases:
	I P
	→
→
	P P unc | Pi P unci
S V s O

	Pi
	→
	Aux S V O

	S
	→
	Det N

	O
V Aux Det N
P unc
P unci
	→
→
→
→
→
→
→
	Det N
chew | bite | lick does | did | will the | a | one | my
dog | bone | frog | child
. | ; | !
? | ?!?


Table 2.3: A slightly more complex generative grammar.
Recursive  Rules
What about if we want to also include adjectives into our language (i.e. into our set of possible phrases generated by our grammar)?  Note that we would like to append as many adjectives as we’d like to a noun, such as:
the cute tiny little furry ... red-haired dog chews a big tasty ... white bone.
Obviously, we’ll need at least one production rule for all possible adjectives:
Adj 
→  cute | tiny | little | furry | red-haired | big | tasty | white | ...
However, we do not want to have a infinite number of production rules in order to append any number of adjectives to a noun, such as S  → Det N , S  → Det Adj N , S → Det Adj Adj N , S → Det Adj Adj Adj N , etc.
Instead, we’ll simply use the following – admittedly more elegant – solution, which relies on recursion:
N 
→  Adj N
Figure 2.2 illustrates how the usage of this rule, with an arbitrary level of recursion, can lead to derivations of a noun with any number of adjectives.
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Figure 2.2: Derivation using a recursive rule.
The new generative grammar that includes the two new production rules for the adjectives is summarized in Table 2.4.
	I P
	→
→
	P P unc | Pi P unci
S V s O

	Pi
	→
	Aux S V O

	S
	→
	Det N

	O
V Aux Det N Adj
P unc
P unci
	→
→
→
→
→
→
→
→
	Det N
chew | bite | lick does | did | will the | a | one | my
Adj N | dog | bone | frog | child
cute | tiny | little | furry | red-haired | big | tasty | white | ...
. | ; | !
? | ?!?


Table 2.4: A generative grammar with a recursive production rule.
2.3 
Formal Languages and Grammar:  Definitions
We’ll now abandon the analogies between formal and natural languages to enter the core of the formal language theory.
In the following definitions, ! stands for the empty or zero-length string. This element ! shouldn’t be confused with the empty set ∅, which contains no elements.
Definition  2.1 (Kleene Star).  Let Σ  be an alphabet, i.e. a finite set of distinct symbols. A string is a finite concatenation of elements of Σ.  Σ∗ is defined as the
set of all possible strings over Σ.
Σ∗ can equivalently be defined recursively as follows:
1.  Basis: ! ∈ Σ∗.
2.  Recursive step: If w ∈ Σ∗ and a ∈ Σ, then wa ∈ Σ∗.
3.  Closure:  w  ∈ Σ∗  only if it can be obtained from ! by a finite number of applications of the recursive step.
For any nonempty alphabet Σ, Σ∗ contains infinitely many elements.
	Σ
	Σ∗

	∅
{a}
{0, 1}
{$, ", £}
	{!}
{!, a, aa, aaa, . . .}
{!, 0, 1, 00, 01, 10, 11, 000, 001, 010, 011 . . .}
{!, $, ", £, $$, $", $£, "$, "", "£, £$, £", ££, $$$, $$", . . .}


Definition 2.2. A language L over an alphabet Σ is a subset of Σ∗:
L ⊆ Σ∗
A language is thus a possibly infinite set of finite-length sequences of elements
(strings) drawn from a specified finite set (its alphabet Σ).
The union of two languages L and M over an alphabet Σ is defined as:
L ∪ M  := !w ∈ Σ∗ " w ∈ L ∨ w ∈ M #
The intersection of two languages L and M over an alphabet Σ is defined as:
L ∩ M  := !w ∈ Σ∗ " w ∈ L ∧ w ∈ M #
The concatenation of two languages L and M is defined as:
LM  := !uv " u ∈ L ∧ v ∈ M #
2.3.  FORMAL LANGUAGES AND GRAMMAR: DEFINITIONS 
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Example  2.1. L1   is the language over Σ  =  {0, 1} consisting of all strings that begins with 1.

L1  = {1, 10, 11, 100, 101, . . .}
L2   is the language over Σ  = {0, 1} consisting of all strings that contains an even number of 0’s.
L2  = {!, 1, 00, 11, 001, 010, 100, 0011, . . .}
L3   is the language over Σ  = {a, b} consisting of all strings that contains as many a’s and b’s.

L3  = {!, ab, ba, aabb, abab, baba, bbaa, . . .}
L4  is the language over Σ = {x} consisting of all strings that contains a prime number of x’s.
L4  = {xx, xxx, xxxxx, xxxxxxx, xxxxxxxxxxx, . . .}
Definition 2.3. A grammar G is formally defined as a quadruple
G := (Σ, V, P, S)
with
• Σ: a finite set of terminal symbols (the alphabet)
• V :  a finite set of non-terminal symbols (the variables), usually with the condition that V ∩ Σ = ∅.
• P : a finite set of production rules
• S ∈ V : the start symbol.
Non-terminal symbols are usually represented by uppercase letters, terminal sym- bols by lowercase letters, and the start symbol by S.
A formal grammar G defines (or generates) a formal language L(G),  which is the (possibly infinite) set of sequences of symbols that can be constructed by suc- cessively applying the production rules to a sequence of symbols, which initially contains just the start symbol, until the sequence contains only terminal symbols. A rule may be applied to a sequence of symbols by replacing an occurrence of the symbols on the left-hand side of the rule with those that appear on the right-hand side. A sequence of rule applications is called a derivation.
Example  2.2. Let us consider the following grammar:
Alphabet Σ: 
{0, 1, +}
Variables V : 
{S, N }
Production rules P : 
S → N | N + S N  → 0 | 1 | N N
Start symbol: 
S
The corresponding language contains simple expressions corresponding to the additions of binary numbers, such as w = 10 + 0 + 1. One possible derivation of w is as follows:
S 
⇒  N + S
⇒  N N + S
⇒  1N + S
⇒  10 + S
⇒  10 + N + S
⇒  10 + N + N
⇒  10 + N + 1
⇒  10 + 0 + 1
This derivation can be represented by the following syntax tree:
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1
Figure 2.3: Syntax tree corresponding to one possible derivation of “10 + 0 + 1”.
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