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Applications

What can be expressed with -calculus? Perhaps one of the most interesting applications is the use of it assess the computational power of computational models. If we will succeed in proving that in a certain model we can express -calculus then we are actually saying quite a lot. And here is why: every computer program is expressible in -calculus.  We will try to show that operations which are most common to all computer languages can be expressed in the language we just have built.
       



We will start from the representation of Boolean values. 
T – the truth value True, and u(v.v) = F – the truth value False. = Let us define u(v.u)
These are arbitrary definitions, axioms if you will, on which we are going to build our computational language. Since computer programs usually compute numerical results, we will want to express natural numbers in our language. Let us first define 0 = x.x and the rest of the numbers will be defined by applying the sequential function on 0, which we will show shortly. 
Ordered pairs <y, z> will be represented as following: u.((u y) z). Now, if we will want to obtain the first element of an ordered pair, we will just apply <y, z>(T). Let us show that we will indeed get the first element of the pair:
u.((u y) z) (u.(v.u))  ((u.(v.u) (y) ) z)  v.y (z)  y
Now we are equipped to define the sequential function: given an number x we will define x+1 as an ordered pair <F, x>. Now if we want to know whether x = 0 we will just evaluate the expression x(T). If x0 then, since x is an ordered pair with F as it’s first element, the evaluation will return F, as we have previously shown. If, on the other hand, x = 0 then it is simply the identity function and thus x(T) will return T.  
 Our previously chosen definitions will also allow us to introduce conditional expressions into our language. An expression of the form (if x then y else z ) will in our language be ((x y) z). We will leave it as an exercise to the reader to show that the evaluation of this expression gives the desired result.
This is quite a progress, however there still a very important element missing in our language. A lot of basic numeric operations can be defined by recursion, for example the multiplication operation could be defined as such: a * b := ((a – 1) * b) + a. Note that we already know how to subtract 1 from numbers, we will just apply x(F) to receive x – 1. Addition can also be expressed by recursion: a + b := (a + 1) + (b – 1). 
So, let us try to express recursion. We will introduce this notation for the simplicity of the text. W:= x.f(x(x)) , Y:= f.W(W)) where f is the function that we want to apply recursively.
Lets see what happens when we evaluate Y(f).
Y(f)   f.W(W))(f)   x.f(x(x)) (x.f(x(x)))  f(x.f(x(x)) (x.f(x(x)))) = f(W(W) (f)) = f(Y(f)).

Example: We want to define addition operation with the recursion we just have built. First we will introduce the following notation: x.y.A[x y] = x y. A[x y], where A[x y] means that x and y appear free in A. We will define our f to be
 f:= x.( y z.(if y = 0 then z else if z = 0 then y else Y(x) (y + 1, z – 1)))

Let us demonstrate that the recursive application of f on two arbitrary numbers, a and b, will yield a + b.
Y(f) (a b)  f(Y(f)) (a b)   y z.(if (y = 0) then z else if (z = 0) then y else Y(f) ( y +1, z-1))
( a b)  if (a = 0) then b else if (b = 0) then a else Y(f) (a + 1, b – 1)
This is indeed the recursive definition of addition.
Exercise: Formulate the multiplication operator in our language.

On the next page a table with all the basic operations is given for your convenience.









	The definition
	Meaning

	u(v.u)
	TRUE

	u(v.v)
	FALSE

	((x y) z)
	If x then y else z

	u.(if u then y else z)
	<x, y>

	<x, y>(T)
	Car (<x, y>) *

	<x, y>(F)
	 Cdr(<x, y>)

	u.u
	0

	<F, x>
	x + 1

	x(T)
	x = 0

	Y(f), where f is as defined previously
	Recursive application of  f






* Car and Cdr stand for first and the second element of an ordered pair, respectively.
