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 Now we would like to show an additional claim, but first let us remember the following definition from last week: 

Definition 2.23: An expression in a rewrite system is said to be in normal form if no rewrite rules of the system can be applied to it.

Claim 2.24: Let A be a -term. If A has a normal form N, then it can be derived from A by applying -reduction each time in the leftmost possible place of the expression.

  Proof: Let us assume that A has a normal form N and that it cannot be derived from A by applying  reduction at the leftmost possible place in A and reach a contradiction.  Since, according to our assumption, A has a normal form N, there must exist a sequence of applications of -reductions on A, which yields N. Let B be the result of the application of the first step of this sequence. We will want to show that if our assumption is true, and an application of the leftmost -reduction from A does not yield N, then the application of the leftmost -reduction from B also does not yield N. We will prove it by the following: we claim that if our assumption is true then the number of applications of -reduction in the leftmost possible  place in B is not less then the number of such applications in A.    
 This we will prove by induction on the number of leftmost -reduction applications from A.  Let us denote by C the result of the first such application. We will denote this situation by an ordered triple (A, B, C).



Where 
Mean the application of possibly several -reductions simultaneously (called a parallel reduction step), and the application of the leftmost possible -reduction, respectively.  We will distinguish between 2 possibilities.
1) C = B and then since the application of  the leftmost step from A will not yield N so will not the application of the leftmost steps from C, and therefore also from B since B and C are the same.
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2) C  B. In the proof of lemma 2.22 we have shown that the order of application of -reduction is inconsequential, hence there exists a leftmost step from A and a parallel step from B which will yield the same expression – D.
Now, to complete the induction, let us look at the first n – 1 leftmost steps from A. The induction hypothesis will yield us n-1 leftmost steps from B, let us denote the result of their  application as Y. We will also denote the result of the application of n-1 leftmost possible steps from A as X. According to our assumption there is an infinite number of leftmost reduction steps possible from A, otherwise if the number was finite then A would have a normal form, therefore let us denote the result of the application of the leftmost reduction on X as Z. We now have the situation that we have denoted earlier by an ordered triple (X, Y, Z) and the proof of the claim is the same as in the basis of the induction.
This proves that the number of leftmost reduction steps applicable to B is not less then the number of such steps applicable to A, which according to our assumption is  and therefore the number of such steps applicable to B is also . 
Now, a simple use of induction will yield that for every expression, which is a result of the application of some steps of the sequence that yields N when applied to A, the number of the leftmost applicable -reductions is . But, since N is also a part of this sequence, we have reached the desired contradiction  -- no -reductions are applicable to N whatsoever, it is in normal form.                                                                                      
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