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Properties of  -calculus


 We will use the given above axioms as rewriting rules. Please notice that the  and the  rules are trivial in the sense that their application will affect at most one sub-structure of a -term at a time, therefore not changing the structure of the whole term.
Indeed, the most interesting rewriting rule will be -rule, also called -reduction rule, since it’s application involves several sub-expressions of the -term.  The -reduction rule is: 


For every term A, B and variable v.


We will prove some properties of a rewrite system that includes -reduction solely, however our conclusions can be easily extended to the whole -rewriting system, and we encourage the readers to prove the following properties for  and  rules as well. The use of similar techniques as in our proofs for  will suffice. 
 Theorem 2.21: The  rewrite system is Church-Rosser.
Proof: 
Let us first prove the following lemma.
  [Lemma 2.22: The   rewrite system is confluent.
		   Proof: Let us remember some definitions and notations from the previous 
lecture. In the following sub-paragraphs u, s, t and w will denote terms.
1) We said that if s is a result of a single application of a rewrite rule to s then s derives  t and t derives from s and denoted this relation as s   t.
2) s t if and only if s  t or t  s.
3) We defined derivation as an execution of zero or more rewriting rules and denoted  the relation as:

4)  s and t were said to be convertible if 

5) And finally, a rewrite system is confluent if for every term u if s and t are derived from u then there exists a common v such as v can be derived both from s and from t.
                                            u
 

                                                                                                  *              *
                                                                                            s                            t   
                                                                                             
                                                                                                 *                *
                                                     
                                             v


So, why is our system confluent? 
Let us look at the structure of the -reduction rule:
In every application of the rule on a -term of the form (v.A)B we will distinguish between  3, and only 3, possibilities.
1) The rule is applied on the outermost , i.e. the result of the application is A after the substitution of all free occurrences of v in it with B.
2) The rule is applied “inside A", i.e. to a sub-term of A, thus leaving the general pattern of the whole term the same – if the result of the application in A is A` then the whole term will
have the form (v.A`)B
3) The rule is applied to a sub-expression of B, thus yielding an expression (v.A)B`, as earlier the general pattern of the whole term remains the same.

Since the different rewriting  rules do not overlap, the order of the application of the rules , where  the application is possible, does not affect the outcome which is the same. We will show that if we will denote by the ordered pair (1,3) the application of case no.1 and then case no.3 as explained above, we will receive the same outcome as we would have received from applying (3, 1), the other cases can be shown similarly.



And indeed, the order of appliance does not matter, since the substitution of all the free 
occurrences of v in A with B does not affect B, so it does not matter if we first perform the substitution and then apply -reduction in B, or otherwise.
 Why does this observation help us? Because this is the exact structure of a confluent system. If from a single term u, by applying -reductions in different places of the term, we can derive two different terms, t and s, then what we have just seen – the fact that the order of appliance of -reductions is inconsequential, with the help of induction on the number of  -reductions, will yield our claim. We will live the exact formulation of the induction as an exercise to the reader. This completes the poof of lemma 2.12 ]
In order to complete the proof of Theorem 2.11 it is sufficient to use a claim from the previous lecture, stating that every confluent system is Church-Rosser.  
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