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5.3.6 
A “Logical” Anecdote
This example shows the power of propositional calculus by illustrating how it allows us to easily solve a problem which doesn’t offer an intuitive solution. The problem reads as follows:

1. If the weather is bad, I stay at home.

2. I die if and only if my house explodes because of a gas leak and I’m at home.

3. If my house explodes or I go out, and only then, my neighbors notice some- thing strange.

4. Whenever my neighbors notice something strange, they call home the next day (they only do so if I’m alive). They never call home otherwise.

My wife (who works at home) tells you that she received a call from the neighbors last Tuesday. Can you say something about the weather of last Monday?

Simplification
Let’s rewrite the above statements as logical expressions by setting:

• a: bad weather
• b: stay home
• c: I die
• d: gas leak explosion
• e: neighbors notice something strange
• f : neighbors call home
This gives:

1. a → b
2. c ↔ d ∧ b
3. d ∨ ¬b ↔ e
4. e ∧ ¬c ↔ f
From the last statement of the problem, we can derive:

f
↔  e ∧ ¬c
↔  (d ∨ ¬b) ∧ ¬(d ∧ b)
↔  (d ∨ ¬b) ∧ (¬d ∨ ¬b)
↔  (d ∧ ¬d) ∨ ¬b
↔  ¬b
→  ¬a
Therefore: you know that on Monday, the weather was good! "
5.4 
Predicate Calculus (First Order Logic)
Propositional calculus has a limited expressive power. It works with atomic state- ments that are either true or false and studies the properties of logical connectives that connect the atomic formulas.

Predicate calculus introduces variables that do not have a value of true or false, but can take up any value, depending on the model, such as an element of a set (e.g. of the set of all inhabitants of Prague), or a natural number. There are also functions operating on the variables and predicates that have a truth value.  By means of predicates, formulas can be constructed. In addition, the language also contains quantifiers. Such a language is called first order language.

5.4.1 
Language
Definition 5.11. First order language contains:

(i) An unlimited number of symbols for variables: x, y, z, . . .
(ii) Symbols for logical connectives: ¬, ∧, ∨, →, ↔.

(iii) Symbols for quantifiers: the universal quantifier ∀ (“for all”), and the exis- tential quantifier ∃ (“there exists”).

(iv) Symbols for predicates: p, q, ...
Predicates are relations. The arity of a predicate symbol specifies the num- ber of arguments of the predicate.  For example, equality “=” is a binary predicate (its arity is 2).

(v) Symbols for functions: f, g, . . .
The arity of a function symbol specifies the number of arguments of the function. Function symbols of arity 0 are constants.

(vi) Auxiliary symbols: “(”, “)”

This language is called first order because one can only quantify over variables (for individuals), such as in (∀P )inhabitant of Prague(P ) → mortal(P ). However, one cannot quantify over predicates, i.e. one cannot say “∀ inhabitants

of Prague”.

Symbols for variables, connectives, quantifiers and equality (if present) are called logical symbols because they are present in every first order language. On

the other hand, symbols for predicates and functions are called special symbols and the choice of these symbols depends on what we want to study, i.e. on the particular laguage.

Examples of languages
a) Language of predicate logic. This simply is a first order language without any special symbols.

b) Language of group theory. This a first order language with equality with two special symbols: e, a constant for the unit element, and a binary function sym- bol ‘·’ for the group operation.

c) Language of set theory is a language with equality and a single special symbol

∈ as a binary predicate symbol for belonging to a set.
d) Language of elementary number theory3 (with equality) contains function sym- bols 0 (constant for zero), S (unary symbol for the consecutive natural number,

e.g.), + and × (binary symbols for addition and multiplication).
Example 5.5 (Colonel West). The law says that it is a crime for an American to sell weapons to hostile nations.  The country Nono, an enemy of America, has some missiles, and all of its missiles were sold to it by Colonel West, who is American.

What we wish to prove is that West is a criminal. We can represent these facts in first-order logic, and then show the proof as a sequence of applications of the inference rules.

Yet, expecting the proof to be found by a computer requires a pretty smart program. The reasons not only include the problem of formalizing common-sense knowledge (e.g. that a missile is a weapon, that an enemy of America counts as a “hostile”, etc.), but also a large branching factor, and hence a potentially explosive search problem. Thus, even a simple problem for a human to solve can lead to serious difficulty when needed to be formally proven.

3 Number theory is the branch of pure mathematics concerned with the properties of numbers in general, and integers in particular, as well as the wider classes of problems that arise from their study. Some also refers to it as “arithmetic”.

Knowledge base (or axis of a special theory – the world of Colone West)
“it is a crime for an American to sell weapons to hostile nations”

(∀X ) (∀Y ) (∀Z )   ( american(X ) ∧ weapon(Y ) ∧ nation(Z ) 
(5.1)

∧ hostile(Z ) ∧ sells(X, Z, Y ) → criminal(X ) ) 
“the country Nono”



nation(Nono) 
(5.2)

“Nono, an enemy of America”

enemy(Nono, America) 
(5.3) “Nono has some missiles”

(∃X )(own(Nono, X ) ∧ missile(X )) 
(5.4)
“All its missiles were sold to it by Colonel West”

(∀X )(own(Nono, X ) ∧ missile(X ) → sells(West, Nono, X )) 
(5.5) “West, who is American”

	american(West)
	(5.6)

	Frame problem (i.e. common-sense knowledge):
	

	nation(America)
	(5.7)

	(∀X )   (missile(X ) → weapon(X ))
	(5.8)

	(∀X )   (enemy(X, America) → hostile(X ))
	(5.9)


Goal (or theorem  to be proved)
criminal(West)
Proof
Using 5.4 and existential elimination4:

own(Nono, M1) ∧ missile(M1) 
(5.10) Using 5.10 and “and” elimination5:

own(Nono, M1) 
(5.11)

and



missile(M1) 
(5.12)

Using 5.8 and universal elimination6:

missile(M1) → weapon(M1) 
(5.13) Using 5.12 and 5.13 and modus ponens:

weapon(M1) 
(5.14) Using 5.5 and universal elimination:

own(Nono, M1) ∧ missile(M1) → sells(West, Nono, M1) 
(5.15)
Using 5.10 and 5.15 and modus ponens:

sells(West, Nono, M1) 
(5.16) Using 5.1 and universal elimination (3 times):

american(West) ∧ weapon(M1) ∧ nation(Nono) ∧ hostile(Nono)
∧ sells(West, Nono, M1) → criminal(West) 
(5.17)
4 The existential elimination is a rule where the ∃ quantifier can be instantiated with a particular variable that does not appear elsewhere, for instance:

(∃X )(likes(X, IceCream)) ⇒ likes(Person1, IceCream)
5 The “and” elimination is another rule where from X ∧ Y follows X (and Y ).

6 The universal elimination is a rule where the ∀ quantifier can be instantiated with any variable:
(∀X )(human(X ) → mortal(X )) ⇒ human(Socrates) → mortal(Socrates)
Using 5.9 and universal elimination:

enemy(Nono, America) → hostile(Nono) 
(5.18) Using 5.3 and 5.18 and modus ponens:

hostile(Nono) 
(5.19) Using 5.6, 5.2, 5.14, 5.16, 5.19 and “and” introduction7:

american(West) ∧ weapon(M1) ∧ nation(Nono)
∧ hostile(Nono) ∧ sells(West, Nono, M1) 
(5.20)
Using 5.17 and 5.20 and modus ponens:

criminal(West) 
(5.21)

"
Definition 5.12 (Expression). An expression is any sequence of symbols of a par- ticular language.

Definition 5.13 (Term). An term is an expression defined recursively as follows: (i) Every variable is a term.

(ii) If the expressions t1 , . . . , tn are terms and f is an n-ary function symbol, then f (t1, . . . , tn) is a term.

(iii) Every term arises from a finite number of applications of (i) and (ii).

Example 5.6. In number theory x, x + y, are terms. The latter term could also be written as +(x, y), where + is our f (but it is conventional to write these binary predicates in infix notation).

Definition 5.14 (Formula). A formula is defined recursively as follows:

(i) If p is an n-ary predicate symbol and the expressions t1, . . . , tn are terms, then the expression p(t1, . . . , tn) is an atomic formula.

(ii) If the expressions A and B  are formulas, then the expressions ¬A, (A ∧
B), (A ∨ B), (A → B), (A ↔ B) are formulas.
7 The “and” introduction is a rule where from X and Y follows X ∧ Y .

(iii) If x is a variable and A a formula, then (∀x)A, (∃x)A are formulas.
(iv) Every formula arises from a finite number of applications of (i) to (iii).

Definition 5.15 (Theorem). A theorem is a formula that is valid, i.e. a formula that is logically true in the given formal system.










