

COMSATS Virtual campus

Islamabad

Formal Methods in Software Engineering

5.3.3 
Formal System
We have already defined the language and propositional formulas. To complete the formal system of propositional logic we need a set of axioms and inference rules.

Why would we need a formal system? We are already able to construct well- formed formulas and decide on their truthfulness by means of a truth table. How- ever, imagine we had a set of formulas M and we know that they are true – they represent our knowledge about a certain problem.  We would then be interested in other formulas valid in this situation, i.e. in some A, such that M  ! A.  How would you find them? By means of a truth table, we would have to list all inter- pretations for which M is true and then randomly generate various formulas and check whether they are true in those interpretations. In complex situations, this would be a tedious job!

On the other hand, a formal system would allow to generate valid formulas in an automated and more effective manner. You can think of the formal system as syntax, as a complement of semantics.

Axioms
An important requirement we have on any formal system is that only valid (i.e. logically true) formulas can be derived. Such a system is then said to be sound. The basis of the formal system are the axioms. A logical choice thus is to choose axioms from tautologies – formulas valid in every interpretation.

A particularly compact and well-known axiom system for propositional logic is the following (after Jan Lukasiewicz):

	p
	→
(q → p)
	(A1)

	(p → (q → r))
	→
((p → q) → (p → r))
	(A2)

	(¬p → ¬q)
	→
(q → p)
	(A3)


Note that other axiom systems are also possible.

Inference  rules
What requirements do we have on the rules of inference? They should be correct, i.e. from a formula that is valid in an interpretation, they can derive only a formula that is valid in the same interpretation. Propositional logic has a single inference rule: Modus ponens.

Modus Ponens


p
→
q p
q
Example 5.2. Let us replace p with bad weather and q with I stay home. If

we assume the axioms bad weather → I stay home as well as bad weather,
we can derive, using modus ponens, the formula I stay home:
bad weather 
→
I stay home bad weather
I stay home
All theorems of propositional logic can be derived from the three axioms and the single inference rule.

Proofs
Definition 5.7.

(i) A finite sequence of formulas A1, A2, . . . , An is the proof of a formula A, if An is the formula A and for any i, formula Ai is either an axiom or it is derived from previous formulas Aj  (j < i) by modus ponens.

(ii) If there exists a proof of formula A, we say that A is provable in proposi- tional logic and we write ( A.
Example  5.3. To get an idea, how the formal system works, let us look at the formal proof of a seemingly trivial formula A → A.
( A → ((A → A) → A) 
a case of (A1) axiom

( (A → ((A → A) → A)) →
[(A → (A → A)) → (A → A)] 
a case of (A2) axiom
( (A → (A → A)) → (A → A) 
modus ponens
( (A → (A → A)) 
a case of (A1) axiom
( A → A 
modus ponens
Although this seems that it is uselessly complicated and you could get this trivially just by looking at it or from a truth table, there are also cases when the reverse is true.

Definition 5.8. Proof from assumptions. Let T be a set of formulas. We say that formula A is provable from T and write T ( A if A can be proven from axioms

and formulas in T , by using the inference rule. That is we have basically enriched the set of axioms by the formulas in T .

Theorems
The following are some theorems of propositional logic.  They can be derived from axioms or you can check that they are tautologies by examining their truth tables.

de Morgan’s Rules
1. (¬(P ∨ Q)) ↔ (¬P ) ∧ (¬Q)
2. (¬(P ∧ Q)) ↔ (¬P ) ∨ (¬Q)
Distributive  Laws
1. (P ∨ (Q ∧ R)) ↔ ((P ∨ Q) ∧ (P ∨ R))
2. (P ∧ (Q ∨ R)) ↔ ((P ∧ Q) ∨ (P ∧ R))
5.3.4 
Completeness
Theorem  5.1 (Post). For every propositional formula A
( A 
if and only if
! A
This means that, in propositional logic, tautologies are provable, and what is provable is a tautology. Thus, the formal system of propositional logic is not only sound (i.e. generates only valid formulas) but also generates all of them.
Theorem  5.2 (completeness of propositional logic). Let T be a set of formulas and A a formula. Then
T ( A 
if and only if
T ! A
This is a more general version of Post’s theorem. In a sense, completeness implies that loosely speaking syntax and semantics are equivalent in this case. This is by no means true for any formalism (see below).
5.3.5 
Normal Forms  of Propositional Formulas
Every propositional formula can be expressed in two standard or normal forms.

Definition 5.9 (Conjunctive normal form – CNF). A formula in CNF has the following form:

(A1  ∨ . . . ∨ AN ) ∧ (B1  ∨ . . . ∨ BM ) ∧ . . .
where the Ai can be either atomic formulas or their negations. It is thus a conjuc- tion of clauses, i.e. disjunctions of literals (variables or their negations).

CNF is used in machine proving of theorems.  Resolution in Prolog is also based on a special form of CNF.

Definition 5.10 (Disjunctive normal form – DNF). A formula in DNF has the following form:

(A1  ∧ . . . ∧ AN ) ∨ (B1  ∧ . . . ∧ BM ) ∨ . . .
where A1  etc. can be either atomic formulas or their negations. It is thus a disjuc- tion of cojunctions of literals.

Applications of DNF include databases.

Example 5.4. This example shows how the following formula can be transformed into conjunctive normal form.

A → ¬(B → C )
1st step: Elimination of →. Using the rule P → Q = ¬P ∨ Q:
(A → ¬(B → C )) = (¬A ∨ ¬(¬B ∨ C ))
2nd step: Distribution of ¬ onto atomic expressions.

(¬A ∨ ¬(¬B ∨ C ))
=
(¬A ∨ (¬¬B ∧ ¬C )) 
using rule ¬(P ∨ Q) = ¬P ∧ ¬Q
=
(¬A ∨ (¬¬B ∧ ¬C )) 
using rule ¬¬P = P
=
(¬A ∨ (B ∧ ¬C ))
3rd step: Transforming into a conjuction of disjunctions by the distributive rule. Using rule P ∨ (Q ∧ R) = (P ∨ Q) ∧ (P ∨ R):
(¬A ∨ (B ∧ ¬C ))
=  ((¬A ∨ B) ∧ (¬A ∨ ¬C ))









