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5.1 
Why Study Logic?
We have seen in the previous part of this script how formal language theory studies the syntax of languages. Yet, this formalism is not concerned with how sentences

– i.e. elements of a language – are related to each other. In other words, formal language theory does not answer the question of how a sentence can be derived from already existing sentences.

This is where logic comes into play.  As a formal science, logic investigates how valid statements can be formally derived or inferred from other statements, or from a set of axioms.  In short, logic enables us to formalize the notion of a proof.

Traditionally studied as a branch of philosophy, logic has become since the nineteenth century the foundation of mathematics and computer science.  You may have heard of some of the key figures of mathematical logic:  G. Boole, B. Bolzano, G. Frege, D. Hilbert, A. Church, G. Peano, B. Russel, A. Tarski or A. Turing.

Interestingly, the study of logic not only provides a formalism about abstract objects, but also opens the way to concrete applications. By defining how theo- rems – i.e. valid formulas – can be derived in a purely syntactic way, computers can then be used to derive statements about the “real” world. For instance, predi- cate logic is often used in expert systems to represent the knowledge and to derive new facts from the knowledge base. Or, in linguistics, declarative programming languages are often used, the most prominent one being Prolog.
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5.1.1 
An Experiment
Imagine that you have been asked to perform two tasks1.

In the first, you are presented with a stack of cards.  One side of each card has either the letter A or the letter D. The opposite side of each card has either the number 4 or the number 7.  The cards are now stacked with either side up, at random, and shuffled, so that thumbing through the deck you would see some A’s, some D’s, some 4s and some 7s.  Your task is to determine whether or not the cards of this deck satisfy the rule “If the letter side of a card is an A, then the number side must be a 4.”  To make that determination, you are to imagine that you are going through the deck, looking at the turned-up side of each card, one at a time, and turning over whichever cards you must, but only those cards, in order to verify or contradict the rule that every A must be accompanied by a 4.

Think about the task for a moment. Would you turn over only those cards with A’s showing? Or those showing A’s and 4s? Or showing A’s and 7s? Or perhaps those showing A’s, 4s and 7s? Or did you choose some other combination? Write down your choice and proceed to task two. And don’t feel discouraged. Task one is difficult, and most of the English college students upon whom the experiment was first performed failed to give the correct answer.

As task two, you are to imagine that your are the cashier at a supermarket and have the checks received that day stacked before you; some face up and some face down. Your supermarket has a rule. The checkout people are to accept checks for more the $50 only if approved on the back by the manager. Imaginge that you are to go through the checks, one at a time, and turn over only those checks necessary to establish if the approval rule has been followed.

Again, think about the task for a moment. Would you turn over only checks bigger than $50? Or those, pluse checks with their face down bearing the man- ager’s approval? Or those for over $50 and those with no approval on the back? Or perhaps checks exceeding $50, plus all checks with their faces down? Or some other combination?

As before, jot down your answer. If you are typical of most subjects of this experiment, you did not find task two nearly as difficult as task one. You probably correctly answered two by turning over checks for more than $50 and those with no approval on their backs. You were more likely to miss on task one, for which the correct solution is to turn over A’s and 7s only.

Why this pair of experiments? Because the two tasks are essentially identical.

1 This experiment is taken from (Dreyfus and Dreyfus, 1986, p.18).
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If you designate “over $50” as A, “not over $50” as D, “approved on back” as 4 and “unapproved” as 7, task two becomes task one. But while they are abstractly identical, the statement of task two draws, for many, on “knowing how,” whereas task one is perceived as a logical puzzle requiring the application of logical rules, that is , requiring the reduction to “knowing that.” All of you who did task two easily and correctly and had trouble with task one have learned from this expe- rience that “knowing how” is quite distinct from “knowing that” and in no way requires using conscious abstract rules.

5.2 
Definition of a Formal System Definition 5.1. In logic, a formal system consists of: (a) a formal language,

(b) a set of axioms,

(c) a set of inference (or transformation) rules.

The choice of these defines the power of the system (which assertions can be expressed) and its properties (completeness, decidability, etc.).

5.3 
Propositional Logic
One of the most basic types of logic (and one of the simplest formal systems) is propositional logic or propositional calculus. Propositional calculus examines the syntax and semantics of expressions which are formed by connecting atomic formulas (i.e. variables that are either true or false) by logical connectives. Propo- sitional calculus can only make atomic statements. Thus, a sentence from natural language such as “Socrates is human” becomes socrates is human.2   This statement can then have either the value of true or false.

5.3.1 
Language
The language of propositional logic consists of:

• a set P of atomic formulas, consisting of e.g. symbols such as p, q, r...
2 The statement of this archetypal example usually reads human  socrates.
• the following logical connectives:

¬ negation

∧ logical “and”
∨ logical “or”
→ logical implication (“if ... then”)
↔ equivalence (“if and only if”)
• auxiliary symbols: “(” and “)”

Definition 5.2. Propositional formulas can then be constructed from the symbols of the language by a recursive definition:

(i) Every atomic formula p ∈ P is a propositonal formula.

(ii) If the expressions A and B are propositional formulas, then the expressions

¬A, (A ∧ B), (A ∨ B), (A → B), (A ↔ B) are propositional formulas.
(iii) Every propositional formula arises from a finite number of application of (i)

and (ii).

Example 5.1. If P = {p, q, r} is a set of atomic formulas, then the expressions

• p, q and r are propositional formulas according to (i)

• ¬p and (q ∧ r) are propositional formulas according to (ii)

• (¬p → (q ∧ r)) is a propositional formula according to another application of (ii)

Alternatively, propositional (or well-formed) formulas can also be generated by means of a grammar:

	&formula'
	→
	&atomic formula' |& propositional formula'

	&atomic formula'
	→
	T | F | p | q | r | . . .

	&propositional formula'
	→
	( &formula' )

	
	|
	&formula'&connector'&formula'

	
	|
	¬&formula'

	&connector'
	→
	∧ | ∨ |  → | ↔


where T and F stand for the logical “true” and “false” values.

This grammar still contains some ambiguity as long as the priority of connec- tors is not defined. Priority is defined as follows:

1. The negation ¬ has the highest priority,

2. followed by the logical “and” (∧),
3. the logical “or” (∨),
4. and the logical implications (→, ↔).

Alternatively, parenthesis can be used, which also makes a logical expression more readable.  For instance, A ∧ ¬B ∨ C  → D can also be written as ((A ∧ (¬B)) ∨ C ) → D.
Now we are able to construct propositional (or well-formed) formulas.

5.3.2 
Semantics
The semantics of propositional logic is concerned with the truth or falsity of propositional formulas.  The atomic formulas cannot be analysed further, their truth value is given, by means of a truth function. This process, assigning a value of true or false to every atomic formula, is called interpretation. The truth values of the atomic formulas can then be unambigously extended to all propositional formulas by defining the semantics of logical connectives. This can be done by means of a truth table:

	P
	Q
	¬P
	P ∨ Q
	P ∧ Q
	P → Q
	P ↔ Q

	T
	T
	F
	T
	T
	T
	T

	T
	F
	F
	T
	F
	F
	F

	F
	T
	T
	T
	F
	T
	F

	F
	F
	T
	F
	F
	T
	T


Note that the logical implication P → Q is simply defined by the above truth
table. It does not contain any notion of causality relating events in the real world.

Definition 5.3. A propositional formula A is satisfiable, if there exists an inter- pretation of its atomic formulas (assigning truth values to all of them) such that A is true.

Definition 5.4. Let M  be a set of formulas. If a fomula A is true in every inter- pretation in which all formulas of M are true, then A is a tautologic consequence of M and we write M ! A.
Definition 5.5. If A is true in all interpretations, it is called a tautology. This is written as ! A.  In other words, ! A implies that M  ! A is valid for any M . An

example of a tautology is P ∨ ¬P .
Definition 5.6. Contradiction: If a statement is always false for all interpretations, it is called a contradiction. An example of contradiction is P ∧ ¬P .










