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Markov Processes
4.1 
Why Study Markov Processes?
As we’ll see in this chapter, Markov processes are interesting in more than one respects. On the one hand, they appear as a natural extension of the finite state automata we’ve discussed in Chapter 3. They constitute an important theoretical concept that is encountered in many different fields. We believe therefore that it is useful for anyone (being in academia, research or industry) to have heard about the terminology of Markov processes and to be able to talk about it.

On the other hand, the study of Markov processes – more precisely hidden Markov processes – will lead us to algorithms that find direct application in to- day’s technology (such as in optical character recognition or speech-to-text sys- tems), and which constitutes an essential component within the underlying archi- tecture of several modern devices (such as cell phones).

4.2 
Markov Processes
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A Markov process1  is a stochastic extension of a finite state automaton.  In a Markov process, state transitions are probabilistic, and there is – in contrast to a finite state automaton – no input to the system. Furthermore, the system is only in one state at each time step. (The nondeterminism of finite state automata should thus not be confused with the stochasticity of Markov processes.)

1 Named after the Russian mathematician Andrey Markov (1856-1922).
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Before coming to the formal definitions, let us introduce the following exam- ple, which should clearly illustrate what a Markov process is.

Example.  Cheezit2, a lazy hamster, only knows three places in its cage: (a) the pine wood shaving that offers him a bedding where it sleeps, (b) the feeding trough that supplies him with food, and (c) the wheel where it makes some exercise.

After every minute, the hamster either gets to some other activity, or keeps on doing what he’s just been doing.  Referring to Cheezit as a process without memory is not exaggerated at all:

• When the hamster sleeps, there are 9 chances out of 10 that it won’t wake up the next minute.

• When it wakes up, there is 1 chance out of 2 that it eats and 1 chance out of

2 that it does some exercise.

• The hamster’s meal only lasts for one minute, after which it does something else.

• After eating, there are 3 chances out of 10 that the hamster goes into its wheel, but most notably, there are 7 chances out of 10 that it goes back to sleep.

• Running in the wheel is tiring: there is an 80% chance that the hamster gets tired and goes back to sleep. Otherwise, it keeps running, ignoring fatigue.

4.2.1 
Process Diagrams
Process diagramas offer a natural way of graphically representing Markov pro- cesses – similar to the state diagrams of finite automata (see Section 3.3.2).

For instance, the previous example with our hamster in a cage can be repre- sented with the process diagram shown in Figure 4.1.

2 This example is inspired by the article found on http://fr.wikipedia.org/wi- ki/Chaıne de  Markov. The name was generated by a “Computer-Assisted Hamster Nam- ing” technology found on http://www.coyoteslodge.com/hamform.htm.
Figure 4.1: Process diagram of a Markov process.
4.2.2 
Formal Definitions
Definition 4.1. A Markov chain is a sequence of random variables X1, X2 , X3, . . . with the Markov property, namely that the probability of any given state Xn only depends on its immediate previous state Xn−1. Formally:

P (Xn = x ! Xn−1  = xn−1, . . . , X1 = x1) = P (Xn = x ! Xn−1 = xn−1)
!
!
where P (A ! B) is the probability of A given B.
The possible values of Xi form a countable set S called the state space of the chain. If the state space is finite, and the Markov chain time-homogeneous (i.e. the transition probabilities are constant in time), the transition probability distribution can be represented by a matrix P = (pij )i,j∈S , called the transition matrix, whose elements are defined as:

pij = P (Xn = j ! Xn−1 = i)
Let x(n) be the probability distribution at time step n, i.e. a vector whose i-th component describe the probability of the system to be in state i at time state n:
i
= P (Xn = i)
Transition probabilities can be then computed as power of the transition matrix:
x(n+1)
=  P · x(n)
x(n+2)
=  P · x(n+1) = P2 · x(n)
x(n)
=  Pn · x(0)
Example.  The state space of the “hamster in a cage” Markov process is:

S = {sleep, eat, exercise}
and the transition matrix:



  0.9
0.7   0.8 
P =  0.05
0
0   
0.05   0.3   0.2
The transition matrix can be used to predict the probability distribution x(n) at each time step n. For instance, let us assume that Cheezit is initially sleeping:

 1 
x(0) =  0 
0
After one minute, we can predict:

  0.9  
x(1) = P · x(0) =  0.05 
0.05

Thus, after one minute, there is a 90% chance that the hamster is still sleeping,

5% chance that he’s eating and 5% that he’s running in the wheel.

Similarly, we can predict that after two minutes:

 0.885 
x(2) = P · x(1) =  0.045 
0.07
Definition 4.2. The process diagram of a Markov chain is a directed graph de- scribing the Markov process.  Each node represent a state from the state space. The edges are labeled by the probabilities of going from one state to the other states. Edges with zero transition probability are usually discarded.

4.2.3 
Stationary Distribution
The theory shows that – in most practical cases3 – after a certain time, the proba- bility distribution does not depend on the initial probability distribution x(0) any- more. In other words, the probability distribution converges towards a stationary distribution:

x∗ = lim x(n)
n→∞
In particular, the stationary distribution x∗ satisfies the following equation:

x∗ = P · x∗ 
(4.1)

Example.  The stationary distribution of the hamster

 x1   
x∗ =  x2   
x3
can be obtained using Equation 4.1, as well as the fact that the probabilities add up to x1  + x2  + x3  = 1. We obtain:

 x1   

x1


  0.9
0.7   0.8   
x1 

x∗ =  x2
x3

 = 

x2
1 − x1  − x2

 =  0.05
0
0

0.05   0.3   0.2


 · 

x2 

1 − x1  − x2
From the first two components, we get:

x1 
=  0.9x1  + 0.7x2  + 0.8(1 − x1  − x2)
x2 
=  0.05x1
Combining the two equations gives:

0.905x1  = 0.8
3 The Markov chain must be aperiodic and irreductible.

so that:



x1 
=


0.8
0.905 ≈ 0.89
x2 
=
0.05x1  ≈ 0.044
x3 
=
1 − x1  − x2  ≈ 0.072

  0.89  
x∗
≈

 0.044 
0.072
In other words, if we observe the hamster long enough, the probability that it will be sleeping is x1   = 89%, that it will be eating x2   = 4%, and that it will be doing some exercise x3  = 7%.
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