Design and Analysis of Algorithms



Data Structures:

A data structure is an arrangement of data in a computer's memory or even disk storage.

Data structures can be classified into two types

· Linear Data Structures

· Non Linear Data Structures 

Linear Data Structures:

Linear data structures are those data structures in which data elements are accessed (read and written) in sequential fashion ( one by one)

Eg: Stacks , Queues, Lists, Arrays

Non Linear Data Structures:

Non Linear Data Structures are those in which data elements are not accessed in sequential fashion.

Eg: trees, graphs

Algorithm: 
Step by Step process of representing solution to a problem in words is called an Algorithm. 

Characteristics of an Algorithm:

· Input : An algorithm should have zero or more inputs

· Output: An algorithm should have one or more outputs
· Finiteness: Every step in an algorithm should end in finite amount of time 

· Unambiguous: Each step in an algorithm should clearly stated 

· Effectiveness:  Each step in an algorithm should be effective

Characteristics of Data Structures
	Data Structure
	Advantages
	Disadvantages

	Array
	Quick inserts
Fast access if index known
	Slow search
Slow deletes
Fixed size

	Ordered Array
	Faster search than unsorted array
	Slow inserts
Slow deletes
Fixed size

	Stack
	Last-in, first-out acces
	Slow access to other items

	Queue
	First-in, first-out access
	Slow access to other items

	Linked List
	Quick inserts
Quick deletes
	Slow search

	Binary Tree
	Quick search
Quick inserts
Quick deletes
(If the tree remains balanced)
	Deletion algorithm is complex

	Red-Black Tree
	Quick search
Quick inserts
Quick deletes
(Tree always remains balanced)
	Complex to implement

	2-3-4 Tree
	Quick search
Quick inserts
Quick deletes
(Tree always remains balanced)
(Similar trees good for disk storage)
	Complex to implement

	Hash Table
	Very fast access if key is known
Quick inserts
	Slow deletes
Access slow if key is not known
Inefficient memory usage

	Heap
	Quick inserts
Quick deletes
Access to largest item
	Slow access to other items

	Graph
	Best models real-world situations
	Some algorithms are slow and very complex

	


Stack :

Stack is a Linear Data Structure which follows Last in First Out mechanism.

It means: the first element inserted is the last one to be removed

Stack uses a variable called top which points topmost element in the stack. top is incremented while pushing (inserting) an element in to the stack and decremented while poping (deleting) an element from the stack 
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Valid Operations on Stack:

· Inserting an element in to the stack (Push) 

· Deleting an element in to the stack (Pop)

· Displaying the elements in the queue (Display)

Note:
While pushing an element into the stack, stack is full condition should be checked

While deleting an element from the stack, stack is empty condition should be checked

Applications of Stack:
· Stacks are used in recursion programs
· Stacks are used in function calls 

· Stacks are used in interrupt implementation
Queue: 
Queue is a Linear Data Structure which follows First in First out mechanism.

 It means: the first element inserted is the first one to be removed

 Queue uses two variables rear and front. Rear is incremented while inserting an element into the queue and front is incremented while deleting element from the queue
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Valid Operations on Queue:

· Inserting an element in to the queue 

· Deleting an element in to the queue

· Displaying the elements in the queue

Note:

While inserting an element into the queue, queue is full condition should be checked

While deleting an element from the queue, queue is empty condition should be checked

Applications of Queues:

· Real life examples

· Waiting in line

· Waiting on hold for tech support

· Applications related to Computer Science

· Threads

· Job scheduling (e.g. Round-Robin algorithm for CPU allocation)
Linked List:
To overcome the disadvantage of fixed size arrays linked list were introduced.

A linked list consists of nodes of data which are connected with each other. Every node consist of two parts data and the link to other nodes. The nodes are created dynamically.

      NODE
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Types of Linked Lists:

· Single linked list

· Double linked list

· Circular linked list

Valid operations on linked list:

· Inserting an element at first position

· Deleting an element at first position 

· Inserting an element at end

· Deleting an element at end

· Inserting an element after given element

· Inserting an element before given element

· Deleting given element 

Trees :

 A tree is a Non-Linear Data Structure which consists of set of nodes called vertices and set of edges which links vertices

Terminology:

· Root Node: The starting node of a tree is called  Root node of that tree

· Terminal Nodes: The node which has no children is said to be terminal node or leaf .
· Non-Terminal Node: The nodes which have children is said to be Non-Terminal Nodes

· Degree: The degree of a node is number of sub trees of that node

· Depth: The length of largest path from root to terminals is said to be depth or height of the tree 

· Siblings: The children of same parent are said to be siblings

· Ancestors: The ancestors  of a node are all the nodes along the path from the root to the node
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Binary Trees:

Binary trees are special class of trees in which  max degree for each node is 2
Recursive definition:
A binary tree is a finite set of nodes that is either empty or consists of a root and two disjoint binary trees called the left subtree and the right subtree.

Any tree can be transformed into binary tree. By left child-right sibling representation.
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Binary Tree Traversal Techniques:

There are three binary tree traversing techniques

· Inorder 

· Preorder 

· Postorder 

Inorder: In inorder traversing first left subtree is visited followed by root and right subtree

Preorder: In preorder traversing first root is visited followed by left subtree and right subtree.

Postorder: In post order traversing first  left tree is visited followed by right subtree and root.
Binary Search Tree:

A Binary Search Tree (BST) is a binary tree which follows the following conditons

· Every element has a unique key.

· The keys in a nonempty left subtree are smaller than the key in the root of subtree.

· The keys in a nonempty right subtree are grater than the key in the root of subtree.

· The left and right subtrees are also binary search trees.
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Valid Operations on Binary Search Tree:

· Inserting an element

· Deleting an element

· Searching for an element

· Traversing

Graphs

A graph is a Non-Linear Data Structure which consists of set of nodes called vertices V and set of edges E which links vertices

Note: A tree is a graph with out loops
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Graph Traversal:

· Problem: Search for a certain node or traverse all nodes in the graph

· Depth First Search

· Once a possible path is found, continue the search until the end of the path

· Breadth First Search

· Start several paths at a time, and advance in each one step at a time

Why Analyze Algorithms?

There may be several different ways to solve a particular problem.  For example, there are several methods for sorting numbers.  How can you decide which method is the best in a certain situation?  How would you define "best" – is it the fastest method or the one that takes up the least amount of memory space?

Understanding the relative efficiencies of algorithms designed to do the same task is very important in every area of computing.  This is how computer scientists decide which algorithm to use for a particular application.  In the 1950's and 60's, many mathematicians and computer scientists developed the field of algorithm analysis.  One researcher in particular, Donald Knuth, wrote a three-volume text called The Art of Computer Programming that provided a foundation for the subject.  Interestingly enough, Prof. Knuth also used to teach at Stanford until his retirement several years ago.  He is now in the process of writing more volumes of his seminal book series, and still occasionally gives talks on campus.

As mentioned earlier, an algorithm can be analyzed in terms of time efficiency or space utilization.  We will consider only the former right now.  The running time of an algorithm is influenced by several factors:

1) Speed of the machine running the program

2) Language in which the program was written.  For example, programs written in assembly language generally run faster than those written in C or C++, which in turn tend to run faster than those written in Java.

3) Efficiency of the compiler that created the program

4) The size of the input: processing 1000 records will take more time than processing 10 records.

5) Organization of the input: if the item we are searching for is at the top of the list, it will take less time to find it than if it is at the bottom.

The first three items in the list are problematic.  We don’t want to use an exact measurement of running time: To say that a particular algorithm written in Java and running on a Pentium IV takes some number of milliseconds to run tells us nothing about the general time efficiency of the algorithm, because the measurement is specific to a given environment.  The measurement will be of no use to someone in a different environment.  We need a general metric for the time efficiency of an algorithm; one that is independent of processor or language speeds, or compiler efficiency.  

The fourth item in the list is not environment-specific, but it is an important consideration.  An algorithm will run slower if it must process more data but this decrease in speed is not because of the construction of the algorithm.  It's simply because there is more work to do.  As a result of this consideration, we usually express the running time of an algorithm as a function of the size of the input.  Thus, if the input size is n, we express the running time as T(n).  This way we take into account the input size but not as a defining element of the algorithm.

Finally, the last item in the list requires us to consider another aspect of the input, which again is not part of the actual algorithm.  To account for this, we express timing analyses in terms of "worst case", "average case" or "best case" based on the organization of the data, or the probability of finding an element quickly.  For our purposes in the following sections, we will assume a "worst case" organization (i.e., we will not worry about the organization of the input for now).

Generalizing Running Time
The problem of generalizing a timing analysis is handled by not dealing with exact numbers but instead with order of magnitude or rate of growth.  In other words:

How does the execution time of an algorithm grow as the input size grows?

Do they grow together? Does one grow more quickly than the other – how much more?  The ideal situation is one where the running time grows very slowly as you add more input. So, rather than deal with exact values, we keep it general by comparing the growth of the running time as the input grows, to the growth of known functions.  The following functions are the ones typically used:

Asymptotic Notation

Big Oh

Definition 3.1 (Big Oh):

Consider a function f(n) which is non-negative for all integers n>=0. We say that ``f(n) is big oh g(n)'', which we write f(n)=O(g(n)), if there exists an integer n0 and a constant c>0 such that for all integers n>=n0, f(n)<=cg(n). 

Note:

1.
normally f(n), g(n), c, n are all positive.

2.
f(n) and g(n) are all non-negative.

3.
we focus on those numbers n>n0, this is why Big Oh is asymptotic notation.

4.
c normally is also an integer.

5.
there could be more than one pair (n0, c) satisfy this condition.

6.
f(n) = O(g(n)) means: f(n) will be less than g(n) or g(n) multiplied by a constant c   when n gets large.

7.
c does not contain n as it’s factor. 

8.
asymptotic notations are used to describe the asymptotic behavior of a function. This upper bound – Big Oh may not be very close to the real behavior of f(n), but it gives the upper bound, that is, f(n) will not exceed g(n). This is often quite useful because we often want to know the performance of our algorithm is better than the one we know.

Running Time Graph:
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The graph shows that the constant c affects the shape of the curve. c = 2, g(n) = n, n0 = 2

The function f(n) = n+2 is O(n) because f(n) <= cg(n) when n>n0
In other words, n+2 <= 2n when n>=2. Curve of cg(n) need only be above f(n) once we pass a certain point n0. This gives us an idea of an upper bound.
Example 1:


f(n) = n2 

((i.e double nested loop)

Use definition to show that f(n) =O(n2)

By definition of Big O, we will consider n2 as our g(n), so g(n) = n2
Is there a constant c such that f(n)<=cn2 when n>=n0?


n2 <= 1n2 when n>=0


so c = 1 , and n0 = 0

We satisfy condition of definition, so f(n) is O(n2).

Example 2:


f(n) = n2

g(n) = n3
Use definition to show that f(n) = O(n3)

Is f(n) <= cn3 when n>=n0?


n2<=1n3 when n>=1

(fractions make inequality false – must start at 1)


so c=1, and n0=1

We satisfy condition of definition, so f(n) is O(n3).

Example 3: 

f(n) = 3n2 – n +1

Use definition to show that f(n) = O(n2)

Is f(n) <=cn2 when n>=n0?


g(n) = n2

c = 4, 
3n2-n+1<= 4n2, =>  n2 + n –1 >= 0  when n0 >=1

This is true, so by definition, f(n) is O(n2).

Big O gives us an idea on the upper bound of running time curve. 

Omega (
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) - an Asymptotic Lower Bound 

Definition:

Consider a function f(n) which is non-negative for all integers . We say that ``f(n) is omega g(n)'', which we write f(n)=
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(g(n)) , if there exists an integer n0 and a constant

c>0 such that for all integers n>=n0, f(n)>=cg(n).

Note:

- Big O gives us an idea on the upper bound of running time curve. Omega(
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) gives us an idea about the lower bound.

- Similar to Big Oh, except this time f(n)>=cg(n), instead of f(n)<=cg(n).

Example 1:



f(n) = 3n2 –n +1


Use definition to show that f(n) is 
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(n2)


Is f(n) >= cn2 when n>=n0 ?



g(n) = n2

c = 2, 3n2 – n + 1 >= 2n2, => n2 –n +1 >=0 when n>=0


This is true, so by definition, f(n) is 
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(n2).
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-Theta:

Consider a function f(n) which is non-negative for all integers n>=0. We say that ``f(n) is theta g(n),'' which we write f(n)=
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(g(n)), if and only if f(n) is O(g(n)) and f(n) is 
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(g(n)).

Little Oh:

Consider a function f(n) which is non-negative for all integers n>=0. We say that ``f(n) is little oh g(n),'' which we write f(n)=o(g(n)), if and only if f(n) is O(g(n)) but f(n) is not 
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(g(n)) .

Search Algorithms with Different Big-O Runtimes

A significant amount of computer processing time is spent searching. An application might need to find a specific student in the registrar's database. Another application might need to find the occurrences of the string "data structures" on the Internet. When a collection contains many, many elements, some of the typical operations on data structures—such as searching—may become slow. Some algorithms result in programs that run more quickly while other algorithms noticeably slow down an application. 

Sequential Search

Consider the following algorithm to search for an element in an indexed collection.

sequentially compare all elements, from index 0 to size-1 {

   if searchID matches the ID of the object in the collection, 

        return a reference to that object
}

return null because searchID does not match any elements from index 0..size-1

This algorithm starts by considering the first element in the list. If there is no match, the second element is compared, then the third, up until the last element. If the element being sought is found, the search terminates.


Because the elements are searched one after another, in sequence, this algorithm is called sequential search. Now for a concrete example, consider searching an array of BankAccounts (referenced by accountList) for a BankAccount with a matching ID. 

  public BankAccount findAccountWithID(String accountID) {

    for (int index = 0; index < mySize; index++) {      

      if (accountID.equals(accountList[index].getID())) 

        return accountList[index];                       

    }

    return null;

  }

In this example f(n) = 3n+2, so sequential search is O(n)

This function describes the worst case. The loop does not always actually execute n times. If the searchID equals accounts[index].getID(), only one comparison would be necessary. If searchID matches the getID() of the last element in the array, n comparisons would be necessary—one comparison for each array element. These two extremes are called the best and worst cases of the algorithm. The big-O notation represents the upper bound, or the worst case.

Binary Search    

This section considers a search algorithm that has a "better" big-O runtime with a tight upper bound of O(log n).  In a moment, you will see an experiment which shows the difference in runtime efficiencies between sequential search and the faster binary search. 


The binary search algorithm accomplishes the same task as sequential search, however binary search finds things more quickly. One of its preconditions is that the array must be sorted. Half of the elements can be eliminated from the search every time a comparison is made. This is summarized in the following algorithm:

Algorithm: Binary Search, use with sorted collections that can be indexed 

while the element is not found and it still may be in the array {


Determine the position of the element in the middle of the array

      If array[middle] equals the search string

            return the index


If the element in the middle is not the one being searched for: 


   remove the half of the sorted array that cannot contain the element

}

Each time the search element is compared to one array element, the binary search effectively eliminates half the remaining array elements from the search. By contrast, the sequential search would only eliminate one element from the search field for each comparison. Assuming an array of strings is sorted in alphabetic order, sequentially searching for "Ableson" might not take long since "Ableson" is likely to be located at a low index in the array. However, sequentially searching for "Zevon" would take much more time if the array were very big (in the millions). The sequential search algorithm must first compare all names beginning with A through Y before arriving at any names beginning with Z. On the other hand, binary search gets to "Zevon" much more quickly by cutting the array in half each time. When n is very large, binary search is much faster. The binary search algorithm has the following preconditions:

1. The array must be sorted (in ascending order for now).

2. The indexes that reference the first and last elements must represent the entire range of meaningful elements.

The element in the middle of the array is referenced by computing the array index that is halfway between the first and last meaningful indexes. This is the average of the two indexes representing the first and last elements in the array. These three indexes are referred to here as left, mid, and right. 

  public BankAccount findAccountWithID(String accountID) {

    int left = 0;                          

    int right = mySize-1;                  

    while (left <= right)  {              

      int mid = (left + right) / 2;        

      if (accountID.equals(accountList[mid].getID())) 

        return accountList[mid];                       

      else if (accountID.compareTo(accountList[mid].getID()) > 0)

        left = mid + 1;

      else

        right = mid - 1;

    }

    return null;  // not found

  }

As the search begins, one of three things can happen

1. The element at the middle index of the array equals searchString—the search is complete.

2. accountID is less than (alphabetically precedes) the middle element. The second half of the array can be eliminated from the search field.

3. accountID is greater than (alphabetically follows) the middle element. The first half of the array can be eliminated from the search field.

With binary search, the best case is one comparison (when the element is found right away).  The worst case occurs when target is not in the array. At each pass, the "live" portion of the array is narrowed to half the previous size.


The binary search algorithm can be more efficient than the sequential search. Whereas sequential search only eliminates one element from the search per comparison, binary search eliminates half of the array elements for each comparison. For example, when n==1024, a binary search eliminates 512 elements from further search for the first comparison, 256 during a second comparison, then 128, 64, 32, 16, 4, 2, and 1. 


When n is small, the binary search algorithm does not see a gain in terms of speed. However when n gets large, the difference in the time required to search for an element can make the difference between selling the software and having it unmarketable. Consider how many comparisons are necessary when n grows by powers of two. Each doubling of n would require potentially twice as many loop iterations for sequential search. However, the same doubling of n would only require potentially one more comparison for binary search.

Maximum number of comparisons for two different search algorithms

	Power

of  2
	n
	Sequential 

Search
	Binary

Search

	22
	4
	4
	2

	24
	16
	16
	4

	28
	128
	128
	8

	212
	4,096
	4,096
	12

	224
	16,777,216
	16,777,216
	24


As n gets very large, sequential search has to do a lot more work. The numbers above represent the maximum number of iterations necessary to search for an element. The difference between 24 comparisons and almost 17 million comparisons is quite dramatic, even on a fast computer. Let us analyze the binary search algorithm by asking, "How fast is Binary Search?"

The best case is when the element being searched for is in the middle—one iteration of the loop. The upper bound occurs when the element being searched for is not in the array. Each time through the loop, the "live" portion of the array is narrowed to half the previous size. The number of elements to consider each time through the loop begins with n elements (the size of the collection) and proceeds like this: n/2, n/4, n/8, ... 1. Each term in this series represents one comparison (one loop iteration). So the question is "How long does it take to get to 1?" This will be the number of times through the loop. 

Another way to look at this is to begin to count at 1 and double this count until the number k is greater than or equal to n. 


1, 2, 4, 8, 16, ... , k >= n         or  
20, 21, 22, 23, 24, ... , 2c >= n

The length of this series is c+1. The number of loop iterations can be stated as “2 to what power c is greater than or equal to n?”  Here are a few examples:

if n is 2, c is 1

if n is 4, c is 2

if n is 5, c is 3

if n is 100, c is 7

if n is 1024, c is 10

if n is 16,777,216, c is 24   

In general, as the number of elements to search (n) doubles, binary search requires only one more iteration to effectively remove half of the array elements from the search. The growth of this function is said to be logarithmic. Binary search is O(log n). The base of the logarithm (2) is not written, for two reasons: 

1. The difference between log2n and log3n is a constant factor and constants are not a concern. 

2. The convention is to use base 2 logarithms.

The following graph illustrates the difference between linear search, which is O(n), and binary search, which takes at most log2n comparisons. 

Comparing O(n) to O(log n)
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To further illustrate, consider the following experiment: using the same array of objects, search for every element in that array. Do this using both linear search and binary search. This experiment searches for every single list element. There is one O(n) loop that calls the binary search method with an O(log n) loop. Therefore, the time to search for every element in the list with the binary search indicates an algorithm that is O(n log n). 

SORTING

Problem: sort a list of numbers (or comparable objects). Solution: An algorithm.

The problem is interesting for its theoretical value, and for its practical utility. Many algorithms are available for the purpose.

Bubble Sort

BubleSort (A)

.1
for i=1 through n do

.2

for j=n through i+1 do

.3


if A[j] < A[j-1] then

.4



exchange A[j] < - > A[j-1]

End algorithm.

Lemma: Lines 2 through 4 get the smallest element of A[i] through A[n] at the i-th position of the array.

Loop invariant for lines 2 through 4 is the property that A[j-1] ( A[j]

Proof: 

Initialization: Starts with A[n].

Maintenance: After j=k-th iteration, for some i<k(n, A[k-1] ( A[k].

Termination: The loop terminates at j=i+1. At that point A[i] ( A[i+1],  A[i] ( A[i+2], …, A[i] ( A[n].  So, A[i] is the smallest element between A[i] through A[n]. QED

Theorem: BubbleSort correctly sorts the input array A.

Loop invariant for lines 1 through 4 is that A[i] ( A[i+1].

Initialization: Starts with A[1].

Maintenance: After the iteration i=p, for some 1<p(n, the above lemma for lines 2 through 4 guarantees that A[p] is the smallest element from A[p] through A[n]. So, A[p] ( A[p+1].

Termination: The loop 1 through 4 terminates at i=n. At that point A[1] ( A[2] ( . . . ( A[n]. Hence, the correctness theorem is proved. QED

Complexity:    ( i=1n ( j=i+1n 1 = ( i=1n (n –i) = n2 – n(n+1)/2 = n2/2 – n/2 =  ((n2)         

Insertion Sort

The way cards are sorted in the pack: pick up objects one by one from one end and insert it in its correct position in the partially sorted part.

Based on inductive proof technique:

Induction base: only one element in array – it is already sorted (p=1)

Induction hypothesis: assume the algorithm works correctly up to k-th iteration, i.e., we have sorted array 1 through k (p=k)

Induction step: a[k+1] is correctly inserted in the sorted portion a[1..k] (step 3 -5 in the algorithm below does this)

So, a[1..k+1] is sorted.

QED.

Algorithm insertion-sort (an array A of n comparable objects)

.(1)
for  p = 2 through  n  do

.(2)

temp = A[p];

.(3)

for  j = p   though 2  do until  A[j-1]<temp

.(4)


A[j] = A[j-1];
// shift all larger elements right

.(5)

A[j-1] = temp;   // insert it in its correct position in the 

//  already sorted portion

End Algorithm.

Example:

 8  64  51  32  21

8  34    64  51  32  21

8  34  64    51  32  21

8  34  51  64    32  21

8  32  34  51  64    21

21  32  34  51  64.

Worst-case Complexity:  2 + 3 + 4 + … + n = 

n(n+1)/2  -1 = (n2)/2 + n/2 -1 = O(n2)

(For reverse sorted array).

Actual run time could be better (loop may terminate earlier than running for p-1 times! 

The best case scenario (sorted array as input): ((n).

Average case complexity:

Some observations: 

There are 9 "inversions" in the above original list: (34, 8), (34, 32), … (51, 32), (51, 31), … [FIND OTHERS]. 

Reverse the whole list: 21  32  51  64  8  34. There are [6(6-1)/2 - 9] inversions in this list [WHY?]. So, the sum of all inversions in these two lists is a constant = 6(6-1)/2. So, the average for the two lists is 6(6-1)/4.

Therefore, the average number of inversions for all possible permutations (which will be a set of pairs of inverted lists) of the given list is 6(6-1)/4 (for all such pairs of two inverse lists the average is the same).

For any list of n objects, the average number of inversions in their permutations is n(n-1)/4  = (1/4)n2 - n/4  = O(n2).

Alternative proof of average case complexity:

Inner loop’s run time depends on input array type:

Case 1: takes 1 step (best case: already sorted input)

Case 2: takes 2 steps

. . .

Case n: takes n steps (worst case: reverse sorted input)

Total cases=n, total steps= 1+2+ . . . +n = n(n+1)/1

Average #steps per case = total steps/ number of cases = (n+1)/2 = O(n)

Outer loop runs exactly n times irrespective of the input.

Total average case complexity = O(n2)

End proof.

Any algorithm that works by exchanging one inversion per step - will have to have O(n2) complexity on an average. Insertion sort, bubble sort, and selection sort are examples of such algorithms. 

To do any better an algorithm has to remove more than one inversion per step, at least on some steps.

Shellsort

Named after the inventor Donald Shell. Further improved subsequently by others. A rather theoretical algorithm!

Sort (by insertion sort) a subset of the list with a fixed gap (say, every 5-th elements, ignoring other elements); Repeatedly do that for decreasing gap values until it ends with a gap of 1, whence it is insertion sort for the whole list. 

Motivation: take care of more than one inversion in one step (e.g., 5-sort).

But, at the end an 1-sort must be done, otherwise sorting may not be complete. However, in that last 1-sort the amount of work to be done is much less, because many inversions are already taken care of before.

Gap values could be any sequence (preferably primes), must end with the gap=1. 

Choice of gap sequence makes strong impact on the complexity analysis: hence, it is an algorithm with the possibility of a strong theoretical study!

Observation: If you do a 6-sort, and then a 3-sort, the earlier 6-sort is redundant, because it is taken care of again by the subsequent 3-sort. 

So, the gaps should be ideally prime to each other, to avoid unnecessary works.

Heapsort

Buildheap with the given numbers to create a min-heap: O(N)

Then apply deletemin (complexity O(logN)),  N times and place the number in another array sequentially: O(NlogN).  Thus, HeapSort is O(NlogN).

If you want to avoid using memory for the second array build a max-heap rather than a min-heap. Then use the same array for placing the element from Deletemax operation in each iteration at the end of the array that is vacated by shrinkage in the Deletemax operation. This will build the sorted array (in ascending order) bottom up.

Complexity: 

First, the Buildheap operation takes O(N) time. 

Next, for each element the Deletemax operation costs O(log(N-i)) complexity, for the i-th time it is done, because the number of element in the heap shrinks every time Deletemax is done. 

i goes from 1 through N. Σ O(log(N-i)), for i=1 through N is, O(NlogN). 

The total is O(N) + O(NlogN), that is, O(NlogN).

Mergesort

A recursive algorithm. 

Based on the merging of two already sorted arrays using a third one: Merge example

1 13 24 26       2 15 16 38 40

*                            *

1 13 24 26       2 15 16 38 40         1

    *                  *                             *

1 13 24 26       2 15 16 38  40        1  2

     *                      *                            *

1 13 24 26       2 15 16 38  40        1  2  13

         *                  *                                  *

1 13 24 26       2 15 16 38  40        1  2  13  15

         *                       *                                   *

1 13 24 26       2 15 16 38  40         1  2  13  15  16

          *                           *                                    *

1 13 24 26       2 15 16 38  40         1  2  13  15  16  24

               *                      *                                          *

1 13 24 26       2 15 16 38  40         1  2  13  15  16  24  26

                  *                   *                                                *

1 13 24 26       2 15 16 38  40         1  2  13  15  16  24  26  38

                  *                      *                                                  *     

1 13 24 26       2 15 16 38  40         1  2  13  15  16  24  26  38  40

                  *                           *                                                   *

-done-

Merge Algorithm  

//Input: Two sorted arrays

//Output: One merged sorted array

Algorithm merge (array, start, center, rightend)  

(1) initialize leftptr=start, leftend=center, 

rightptr=center+1;


(2) while (leftptr ( leftend  && rightptr ( rightend)


(3) 
{ if (a[leftptr] ( a[rightptr])


(4)

a[leftptr] := temp[tempptr]; leftptr++;



else


(5)

a[righttptr] := temp[tempptr]; rightptr++; }


(6) while (leftptr ( leftend)    //copy the rest of left array


(7)
{a[leftptr] := temp[tempptr]; and increment both ptrs; }


(8) while (rightptr ( rightend)
//copy the rest of right array


(9)
{ a[righttptr] := temp[tempptr]; and increment both ptrs; }


(10) copy temp array back to the original array a;  

// another O(N) operation

End algorithm.

Note: Either lines (6-7) work or lines (8-9) work but not both.

Proof of Correctness:

Algorithm terminates: Both leftptr and rightptr increment, in loops starting from low values (leftend or rightend). Eventually they cross their respective end points and so, all the loops terminate.

Algorithm correctly returns the sorted array: 

Every time temp[tempptr] is assigned it is ( all elements temp[1..(temptr-1)]: true for lines (2-5). 

When that while loop terminates one of the parts of array A is copied on array temp[]. If (leftptr ( leftend) temp[tempptr]( a[leftptr], so, lines (6-7) preserves the above condition. Otherwise lines (8-9) does the same.

So, temp[tempptr] ( temp[1..tempptr] for all indices.

QED.

Algorithm mergesort (array, leftend, rightend)

if only one element in the array return it;  

         // recursion termination, this is implicit in the book

center = floor((rightend + leftend)/2);

mergesort (array, leftend, center);  

// recursion terminates when only 1 element


(4) mergesort (array, center+1, rightend);


(5) merge (array, leftend, center, rightend);   // as done above;

End algorithm.

Note: The array is reused again and again as a global data structure between recursive calls.

Drive the mergesort algorithm first time by calling it with leftend=1 and rightend=a.length

mergesort (array, 1, a.length)

Analysis of MergeSort

For single element:
T(1) = 1

For N elements:

T(N) = 2T(N/2) + N


Two MergeSort calls with N/2 elements, and the Merge takes O(N).

This is a recurrence equation. Solution of this gives T(N) as a function of N, which gives us a big-Oh function.

Consider N=2k.

T(2k) 
= 2T(2(k-1)) 
+ 2k  
…. (1)

T(2(k-1))
= 2T(2(k-2)) 
+ 2(k-1)
…. (2)

T(2(k-2)) 
= 2T(2(k-3) )
+ 2(k-2)
…. (3)

….

T(2)

= 2T(20) 

+ 21

…. (k)

Multiply Eqns (2) with 2 on both the sides, (3) with 22, …., (k) with 2(k-1), and add all those equations then. All the left-hand sides get cancelled with the corresponding similar terms on the right-hand sides, except the one in the first equation.

T(2k)
= 2(k+1)T(1) + [2k + 2k + 2k + …. k-times]



= 2(k+1) + k(2 k) =  2(2 k) + k(2 k)



= O(k2k) 

T(N) = O(NlogN),  note that  k = logN, and 2k = N.

Proof: ?

Note: 

MergeSort needs extra O(N) space for the temp array.

Best, Worst, and Average case for MergeSort is the same O(NlogN) – a very stable algorithm whose complexity is independent of the actual input array but dependent only on the size.

Quciksort

Pick a pivot from the array, throw all lesser elements on the left side of the pivot, and throw all greater elements on the other side, so that the pivot is in the correct position. Recursively quicksort the left-side and the right-side.

Some maneuver is needed for the fact that we have to use the same array for this partitioning repeatedly (recursively).

Algorithm: 

Use two pointers, leftptr and rightptr starting at both ends of the input array. 

Choose an element as pivot.

Incerment leftptr as long as it points to element<pivot. 

Then decrement rightptr as long as it points to an element>pivot. 

When both the loops stop, both are pointing to elements on the wrong sides, so, exchange them. 

An element equal to the pivot is treated (for some reason) as on the wrong side .

Force the respective pointers to increment (leftptr) and decrement (rightptr), 

and continue doing as above (loop) until the two pointers cross each other - 

then we are done in partitioning the input array 

(after putting the pivot in the middle with another exchange, i.e., at the current leftptr, if you started with swapping pivot at one end of the array as in the text).

Then recursively quicksort both the rightside of the pivot and leftside of the pivot. 

Recursion stops, as usual, for a single-element array.

End algorithm.


8  1  4  9  0  3  5  2  7  6
Starting picture: Pivot picked up as 6.


^                              *






8>pivot: stop,  pivot<7: move left…


8  1  4  9  0  3  5  2  7  6
Both the ptrs stopped, exchange(2, 8) & mv 


^                          *


2  1  4  9  0  3  5  8  7  6

               ^                  *


2  1  4  9  0  3  5  8  7  6

                       ^          *


2  1  4  5  0  3  9  8  7  6


                           ^  *






Rt ptr stopped at 3 waiting for Lt to stop, but 


2  1  4  5  0  3  9  8  7  6
Lt stopped right of Rt, so, break loop, and

                              *  ^


2  1  4  5  0  3  6  8  7  9
// last swap Lt with pivot, 6 and 9

Then,     QuickSort(2 1 4 5 0 3) and QuickSort(8 7 9).

Analysis of quicksort

Not worth for an array of size ( 20, insertion-sort is typically used instead (for small arrays)!

Choice of the pivot could be crucial. We will see below.

Worst-case

Pivot is always at one end (e.g., sorted array, with pivot being always the last element).  T(N) = T(N-1) + cN.

The additive cN term comes from the overhead in the partitioning (swapping operations - the core of the algorithm) before another QuickSort is called. 

Because the pivot here is at one end, only one of the two QuickSort calls is actually invoked. 

That QuickSort call gets one less element (minus the pivot) than the array size the caller works with. Hence T(N-1).

Telescopic expansion of the recurrence equation (as before in mergesort):

T(N) = T(N-1) + cN = T(N-2) + c(N-1) + cN = …. 

= T(1) + c[N + (N-1) + (N-2) + …. + 2]

= c[N + (N-1) +(N-2) + …. + 1], 
for T(1) = c

= O(N2)

Best-case

Pivot luckily always (in each recursive call) balances the partitions equally.

T(N) = 2T(N/2) + cN

Similar analysis as in mergesort. T(N) = O(NlogN).

Average-case

Suppose the division takes place at the i-th element. 

T(N) = T(i) + T(N -i -1) + cN

To study the average case, vary i from 0 through N-1.

T(N)= (1/N) [ (i=0 N-1 T(i) + (i=0 N-1 T(N -i -1) + (i=0 N-1 cN]

This can be written as, [HOW? Both the series are same but going in the  opposite direction.]

NT(N) = 2(i=0 N-1 T(i) + cN2

(N-1)T(N-1) = 2(i=0 N-2 T(i) + c(N-1)2

Subtracting the two, 

NT(N) - (N-1)T(N-1) = 2T(N-1) + 2(i=0 N-2 T(i) 

-2(i=0 N-2 T(i) +c[N2-(N-1)2]


= 2T(N-1) +c[2N - 1]

NT(N) = (N+1)T(N-1) + 2cN -c,     

T(N)/(N+1) = T(N-1)/N + 2c/(N+1) –c/(N2), approximating N(N+1) with (N2) on the denominator of the last term

Telescope, 

T(N)/(N+1) = T(N-1)/N + 2c/(N+1) –c/(N2)

T(N-1)/N = T(N-2)/(N-1) + 2c/N –c/(N-1)2

T(N-2)/(N-1) = T(N-3)/(N-2) + 2c/(N-1) –c(N-2)2

….

T(2)/3 = T(1)/2 + 2c/3 – c/22

Adding all,

T(N)/(N+1) = 1/2 + 2c (i=3 N+1(1/i) – c (i=2 N(1/(i2)),    for T(1) = 1,

T(N)/(N+1) = O(logN),   note the corresponding integration, the last term being ignored as a non-dominating, on approximation O(1/N)

T(N) = O(NlogN).

IMPORTANCE OF PIVOT SELECTION PROTOCOL

Choose at one end: could get into the worst case scenario easily, e.g., pre-sorted list

Choose in the middle may not balance the partition. Balanced partition is ideal: best case complexity.

Random selection, or even better, median of three is statistically ideal.

SELECTION ALGORITHM

Problem: find the k-th smallest element. Sometimes a purpose behind sorting is just finding that.

One way of doing it: build min-heap, deletemin k times: O(N + klogN). 

If k is a constant, say, the 3rd element, then the complexity is O(N).

If k is a function of N, say, the middle element or the N/2-th element, then it is O(NlogN).

Another algorithm based on quicksort is given here.

Algorithm QuickSelect(array A, k)


If k > length(A)  then return “no answer”;


if single element in array then  return it as the answer;



// k must be = = 1 in the above case


pick a pivot from the array and QuickPartition the array; 


// as is done in QuickSort)


say, the left half of A is L including the pivot, and 


say, the right half is R;


if  length(L) ( k then QuickSelect(L, k)


else QuickSelect(R, k - size(L) -1);  

// previous call’s  k-th  element is  k-|L|-1  in R

End algorithm.

Complexity: note that there is only one recursive call instead of two of them as in quicksort. This reduces the average complexity from O(NlogN) to O(N).

[SOLVE THE RECURRENCE EQUATION: replace the factor of 2 with 1 on the right side.]

[RUN THIS ALGORITHM ON A REAL EXAMPLE, CODE IT.]

These types of algorithms (mergesort, quicksort, quickselect) are called Divide and Conquer algorithms.

LOWER BOUND FOR A SORTING PROBLEM

In the sorting problem you do comparison between pairs of elements plus exchanges. 

Count the number of #comparisons one may need to do in the worst case in order to arrive at the sorted list:  from the input, on which the algorithm have no idea on how the elements compare with each other. [Ignore actual data movements.]

Draw the decision tree for the problem. 

Insertion sort, or Bubble sort: 

all possible comparisons are done anyway: N-choose-2 = O(N^2)

Initially we do not know anything.  So, all orderings are possible. 

Then we start comparing pairs of elements - one by one. We do not have to compare all pairs, because some of them are inferred by the transitivity of the "comparable" property (if a<b, and b<c we can infer a<c). [Ignore actual data movements.]

However, the comparison steps are actually navigating along a binary tree for each decision (a<b, or a>b). View that binary decision tree. 

The number of leaves in the tree is N! (all possible permutations of the N-elements list). Hence the depth of the tree is ( log2N! = ((NlogN). 

Since, the number of steps of the decision algorithms is bound by the maximum depth of this (decision) tree, any algorithm’s worst-case complexity cannot be better than O(NlogN). 

Comparison-based sort algorithms has a lower bound: Ώ(NlogN).

Hence any sorting algorithm based on comparison operations cannot have a better complexity than ((NlogN) on an average.








Note 1: An algorithm actually may be lucky on an input and finish in less number of steps, note the tree. Max height of the tree is ( log2(N!)

Note 2: You may, of course, develop algorithms with worse complexity – insertion sort takes O(N2).   

O(N log N) is the best worst-case complexity you could expect from any comparison-based sort algorithm!

This is called the information theoretic lower bound, not of a particular algorithm - it is valid over all possible comparison-based algorithms solving the sorting problem.

Any algorithm that has the complexity same as this bound is called an optimal algorithm, e.g. merge-sort.

COUNT SORT (case of a non-comparison based sort)

When the highest possible number in the input is provided, in addition to the list itself, we may be able to do better than O(NlogN), because we do not need to use comparison between the elements.

Suppose, we know that (1) all elements are positive integers (or mappable to the set of natural numbers), and (2) all elements are ( an integer M.

Create an array of size M, initialize it with zeros in O(M) time.

Scan your input list in O(N) time and for each element  e, increment the e-th element of the array value once.

Scan the array in O(M) time and output its index as many times as its value indicates (for duplicity of elements).

Example,

Input I[0-6]: 6, 3, 2, 3, 5, 6, 7.  Say, given M = 9.

Array A[1-9] created: 0  0  0  0  0  0  0  0  0   (9 elemets).

After the scan of the input,  the array A is:  0  1  2  0  1  2  1  0  0

Scan A and produce the corresponding sorted output B[0-6]: 2  3  3  5  6  6  7.

Complexity is O(M+N) ≡ O(max{M, N}). 

Dependence on M, an input value rather than the problem size, makes it a pseudo-polynomial (pseudo-linear in this case) algorithm, rather than a linear algorithm. 

Suppose, input list is 6.0, 3.2, 2.0, 3.5, …

Here, you will need 10M size array, complexity would be O(max{10M, N})!!!

EXTENDING THE CONCEPT OF SORTING

(Not in any text)

Sorting with relative information

Suppose elements in the list are not constants (like numbers) but some comparable variable-objects whose values are not given. Input provides only relations between some pairs of objects, e.g., for {a, b, c, d} the input is

Example 1:  {a<b, d<c, and b<c}. 

Can we create a sorted list out of (example 1)? The answer obviously is yes. One of such sorted lists is (a, d, b, c). Note that it is not unique, another sorted list could be (a, b, d, c).

Inconsistency

Example 2: If the input is {a<b, b<c, c<d, and d<a}. There is no sort. This forms an impossible cycle!

Such impossible input could be provided when these objects are events (i.e., time points in history) supplied by multiple users at different locations (or, alibi of suspects, or genes on chromosome sequences).

Hence, a decision problem has to be solved first before creating the sort (or actually, while TRYING to sort them): Does there exist a sort? Is the information consistent?

Also, note that the non-existent relations (say, between a and c in the second example) are actually disjunctive sets (a is <  or  =  or  > c) initially. They are  provided in the input implicitly.

This disjunctive set in input could be reduced to a smaller set while checking consistency, e.g., to a<c in that example may be derived from a<b, and b<c, by using transitivity.

Thus, deriving the NEW relations is one of the ways to check for consistency and come up with a sort. 

Note that the transitivity was implicitly presumed to hold, when we worked with the numbers, instead of variables and relations between them.

The transitivity table for the relations between "comparable" objects (points) (a to c  below) is as follows.

b->c
:
<

>

=

---------------------------------------

a->b
|

|--------------------------------

<
|
<

< = >
<

>
|
< = >
>

>

=
|
<

>

=

Only transitive operations are not enough. In case there already exists some relation (say, user-provided, or derived from other relations) you have to take intersection afterwards with the existing relation between the pair of objects (say, a->c) in order to "reduce" the relation there. In this process of taking intersection, if you encounter a null set between a pair of objects, then the whole input is "inconsistent."

Thus, in the second example above, the result of the two transitive operations would produce a<d (from, a<b ( b<c = a<c, and then a<c ( c<d = a<d). Intersect that with the existing relation a>d, you get a null relation. Hence, the input was inconsistent.

Incomeplete information

Furthermore, since we are allowing users to implicitly provide disjunctive information (we call it "incomplete information") why not allow explict disjunctive information!

So, the input could be {a(b, b<>c, d=b}. 

[A sort for this is (c, a), with a=b=d.]

Transitive operations with disjunctive sets are slightly more complicated: union of each individual transtive operations. 

[(a<b)((b>c) Union (a=b)((b>c)]

Extending the relation-set further

Suppose the allowed relations are: (<, =, >, || ). The fourth one says some objects are inherently parallel (so, objects here cannot be numbers, raher they get mapped onto a partial order).

Objects could be points on branching time, or web-documents, or addresses on a road network, versions of documents, distributed threads running on multiple machines, or machines on a directed network, business information flow mode, or anything mappable to a partially ordered set.

One has to start with the transitive tables and devise algorithms for checking consistency and come up with one or more "solutions" if they exists.

You can think of many other such relation sets, e.g., 13 primary relations between time-intervals (rather than between time-points), 5 primary relations between two sets, 8 primary relations between two geographical regions, etc.

We call this field the Spatio-temporal reasoning.

Network Optimisation Models

A network consists of a set of points and a set of lines connecting certain pairs of the points.

The points are called nodes; the lines are called arcs (or branches). A path between two nodes is a sequence of distinct arcs connecting these nodes. A path that begins and ends at the same node is called a cycle.

The Minimum Spanning Tree Problem

Two nodes are said to be connected if the network contains at least one path between them. A connected network is a network where every pair of nodes is connected. A spanning tree is a connected network for all the nodes that contains no cycles.

The objective is to find a spanning tree with the minimal total length of the included arcs.

Algorithm for the MST Problem

Select any node arbitrarily, and then connect it to the nearest distinct node.

Identify the unconnected node that is closest to a connected node, and connect these two nodes.

Repeat this previous step until all nodes have been connected.

Some Applications

Design of telecommunication networks

Design of a transportation network to minimise the total cost

Design  of a network of high-voltage electrical power transmission lines

Design of a network of pipelines to connect a number of locations

The Shortest –Path Problem

Table for solving the S-P Problem

N  indicates the iteration count

Solved Nodes Directly Connected to Unsolved Nodes

Closest Connected Unsolved Node

Total Distance Involved

Nth Nearest Node

Minimum Distance

Last Connection

New Solved Node(s)

Some Applications

Minimize the total distance travelled.

Minimize the total cost of a sequence of activities.

Minimize the total time of a sequence of activities.

Other Models for Networks

The Maximum Flow Problem

The Minimum Cost Flow Problem

Project Management with PERT/CPM (program evaluation and review technique /critical path method)

Exercises

Find a minimum spanning tree for the following network.
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Solution: OA, AB, BF, BC (or FC), CD, BE, FT. Minimum length: 12 units.

Find the shortest path between nodes A and G in the following network.
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Solution: A-C-F-G or A-B-C-F-G, total length: 8 units.

 Q. Does the minimum spanning tree of a graph give the shortest distance between any 2 specified nodes? 
Ans: No. Minimal spanning tree assures that the total weight of the tree is kept at its minimum. But it doesn't mean that the distance between any two nodes involved in the minimum-spanning tree is minimum. 

Q. What is the difference between BFS and DFS?

Ans : BFS: This can be throught of as being like Dijkstra's algorithm for shortest paths, but with every edge having the same length. However it is a lot simpler and doesn't need any data structures. We just keep a tree (the breadth first search tree), a list of nodes to be added to the tree, and markings (Boolean variables) on the vertices to tell whether they are in the tree or list. 
Depth first search is another way of traversing graphs, which is closely related to preorder traversal of a tree. Recall that preorder traversal simply visits each node before its children. It is most easy to program as a recursive routine: 

 

Q. Write an algorithm to find the shortest path in Graphs ?

Ans: The Floyd–Warshall algorithm compares all possible paths through the graph between each pair of vertices.

Assume edgeCost(i,j) returns the cost of the edge from i to j (infinity if there is none), n is the number of vertices, and edgeCost(i,i) = 0.

Algorithm

int path[][]; // a 2-D matrix. 

// At each step, path[i][j] is the (cost of the) shortest path

//  from i to j using intermediate vertices (1..k-1).

// Each path[i][j] is initialized to edgeCost (i,j)

//  or ∞ if there is no edge between i and j. 

procedure FloydWarshall ()

   for k in 1..n

     for each pair (i,j) in {1,..,n}x{1,..,n}

            path[i][j] = min ( path[i][j], path[i][k]+path[k][j] );

Q.  Write  a single source shortest path algorithm and  its time complexity?

Ans : Dijkstra's algorithm solves the single-source shortest-path problem when all edges have non-negative weights. It is a greedy algorithm and similar to Prim's algorithm. Algorithm starts at the source vertex, s, it grows a tree, T, that ultimately spans all vertices reachable from S. Vertices are added to T in order of distance i.e., first S, then the vertex closest to S, then the next closest, and so on. Following implementation assumes that graph G is represented by adjacency lists.

 

DIJKSTRA (G, w, s)
INITIALIZE SINGLE-SOURCE (G, s)

S ← { }     // S will ultimately contains vertices of final shortest-path weights from s

Initialize priority queue Q i.e., Q  ←  V[G]

while priority queue Q  is not empty do

    u  ←  EXTRACT_MIN(Q)    // Pull out new vertex

    S  ←  S È {u}
    // Perform relaxation for each vertex v adjacent to u

    for each vertex v in Adj[u] do

        Relax (u, v, w)

 

Analysis

Like Prim's algorithm, Dijkstra's algorithm runs in O(|E|lg|V|) time.

Q . Does dijkstra's algorithm for shortest path provide the optimal solution ?

Ans : Yes, dijkstra's algorithm for shortest path provide the optimal solution.

To find the shortest path between points, the weight or length of a path is calculated as the sum of the weights of the edges in the path. A path is a shortest path is there is no path from x to y with lower weight. Dijkstra's algorithm finds the shortest path from x to y in order of increasing distance from x. That is, it chooses the first minimum edge, stores this value and adds the next minimum value from the next edge it selects. It starts out at one vertex and branches out by selecting certain edges that lead to new vertices. It is similar to the minimum spanning tree algorithm, in that it is "greedy", always choosing the closest edge in hopes of an optimal solution. 


Q. Explain Prim’s Algorithm . 

Ans: Like Kruskal's algorithm, Prim's algorithm is based on a generic MST algorithm. The main idea of Prim's algorithm is similar to that of Dijkstra's algorithm for finding shortest path in a given graph. Prim's algorithm has the property that the edges in the set A always form a single tree. We begin with some vertex v in a given graph G =(V, E), defining the initial set of vertices A. Then, in each iteration, we choose a minimum-weight edge (u, v), connecting a vertex v in the set A to the vertex u outside of set A. Then vertex u is brought in to A. This process is repeated until a spanning tree is formed. Like Kruskal's algorithm, here too, the important fact about MSTs is we always choose the smallest-weight edge joining a vertex inside set A to the one outside the set A. The implication of this fact is that it adds only edges that are safe for A; therefore when the algorithm terminates, the edges in set A form a MST.

  
Algorithm

 

MST_PRIM (G, w, v)

1.
Q ← V[G]

2.
for each u in Q do

3.
    key [u] ←  ∞

4.
key [r] ←  0

5.
π[r] ← NIl

6.
while queue is not empty do

7.
    u ← EXTRACT_MIN (Q)

8.
    for each v in Adj[u] do

9.
        if v is in Q and w(u, v) < key [v]

10.
            then π[v] ← w(u, v)

11.
                key [v] ← w(u, v)

Dynamic Programming

We have looked at several algorithms that involve recursion. In some situations, these algorithms solve fairly difficult problems efficiently, but in other cases they are inefficient because they recalculate certain function values many times. The example given in the text is the fibonacci example. Recursively we have:

public static int fibrec(int n) {


if (n < 2)



return n;


else



return fibrec(n-1)+fibrec(n-2);

}

The problem here is that lots and lots of calls to Fib(1) and Fib(0) are made. It would be nice if we only made those method calls once, then simply used those values as necessary.

In fact, if I asked you to compute the 10th Fibonacci number, you would never do it using the recursive steps above. Instead, you'd start making a chart:

F1 = 1, F2 = 1, F3 = 2, F4 = 3, F5 = 5, F6 = 8, F7 = 13, F8 = 21, F9 = 34, F10 = 55.

First you calculate F3 by adding F1 and F2, then F4, by adding F3 and F4, etc.

The idea of dynamic programming is to avoid making redundant method calls. Instead, one should store the answers to all necessary method calls in memory and simply look these up as necessary.

Using this idea, we can code up a dynamic programming solution to the Fibonacci number question that is far more efficient than the recursive version:

public static int fib(int n) {


int[] fibnumbers = new int[n+1];


fibnumbers[0] = 0;


fibnumbers[1] = 1;


for (int i=2; i<n+1;i++)



fibnumbers[i] = fibnumbers[i-1]+fibnumbers[i-2];


return fibnumbers[n];

}

The only requirement this program has that the recursive one doesn't is the space requirement of an entire array of values. (But, if you think about it carefully, at a particular moment in time while the recursive program is running, it has at least n recursive calls in the middle of execution all at once. The amount of memory necessary to simultaneously keep track of each of these is in fact at least as much as the memory the array we are using above needs.)

Usually however, a dynamic programming algorithm presents a time-space trade off. More space is used to store values, but less time is spent because these values can be looked up.

Can we do even better (with respect to memory) with our Fibonacci method above? What numbers do we really have to keep track of all the time?

public static int fib(int n) {


int fibfirst = 0;


int fibsecond = 1;


for (int i=2; i<n+1;i++) {



fibsecond = fibfirst+fibsecond;



fibfirst = fibsecond - fibfirst;

 
}


return fibsecond;

}

So here, we calculate the nth Fibonacci number in linear time (assuming that the additions are constant time, which is actually not a great assumption) and use very little extra storage.

To see an illustration of the difference in speed, I wrote a short main to test this:

public static void main(String[] args) {

    long start = System.currentTimeMillis();

    System.out.println("Fib 30 = "+fib(30));

    long mid = System.currentTimeMillis();

    System.out.println("Fib 30 = "+fibrec(30));

    long end = System.currentTimeMillis();

    System.out.println("Fib Iter Time = "+(mid-start));

    System.out.println("Fib Rec Time = "+(end-mid));

  }

// Output:

// Fib Iter Time = 4

// Fib Rec Time = 258

Floyd-Warshall Algorithm

(All Pairs Shortest Path Problem)

A weighted graph is a collection of points(vertices) connected by lines(edges), where each edge has a weight(some real number) associated with it. One of the most common examples of a graph in the real world is a road map. Each location is a vertex and each road connecting locations is an edge. We can think of the distance travelled on a road from one location to another as the weight of that edge.

Given a weighted graph, it is often of interest to know the shortest path from one vertex in the graph to another. The Floyd-Warshall algorithm algorithm determines the shortest path between all pairs of vertices in a graph.

Although I don't expect you all to understand the full derivation of this algorithm, I will go through some of the intuition as to how it works and then the algorithm itself.

The the vertices in a graph be numbered from 1 to n. Consider the subset {1,2...,k} of these n vertices. 

Imagine finding the shortest path from vertex i to vertex j that uses vertices in the set {1,2, ...,k} only. There are two situations:

1) k is an intermediate vertex on the shortest path.

2) k is not an intermediate vertex on the shortest path.

In the first situation, we can break down our shortest path into two paths: i to k and then k to j. Note that all the intermediate vertices from i to k are from the set {1,2,...,k-1} and that all the intermediate vertices from k to j are from the set {1,2,...,k-1} also.

In the second situation, we simply have that all intermediate vertices are from the set {1,2,...,k-1}.

Now, define the function D for a weighted graph with the vetrtices {1,2,...n} as follows:

D(i,j,k) = the shortest distance from vertex i to vertex j using the intermediate vertices in the set {1,2,...,k}

Now, using the ideas from above, we can actually recursively define the function D:

D(i,j,k) = w(i,j), if k=0

                 min( D(i,j,k-1), D(i,k,k-1)+D(k,j,k-1) ) if k > 0

In English, the first line says that if we do not allow intermediate vertices, then the shortest path between two vertices is the weight of the edge that connects them. If no such weight exists, we usually define this shortest path to be of length infinity.

The second line pertains to allowing intermediate vertices. It says that the minimum path from i to j through vertices {1,2,...,k} is either the minimum path from i to j through vertices {1,2,...,k-1} OR the sum of the minimum path from vertex i to k through {1,2,...,k-1} plus the minimum path from vertex k to j through {1,2,...k-1}. Since this is the case, we compute both and choose the smaller of these.

All of this points to storing a 2-dimensional table of shortest distances and using dynamic programming for a solution.

Here is the basic idea:

1) Set up a 2D array that stores all the weights between one vertex and another. Here is an example:

0
3
8
inf
-4

inf
0
inf
1
7

inf
4
0
inf 
inf

2
inf
-5
0
inf

inf
inf 
inf
6
0

Notice that the diagonal is all zeros. Why?

Now, for each entry in this array, we will "add in" intermediate vertices one by one, (first with k=1, then k=2, etc.) and update each entry once for each value of k.

After adding vertex 1, here is what our matrix will look like:

0
3
8
inf
-4

inf
0
inf
1
7

inf
4
0
inf 
inf

2
5
-5
0
-2

inf
inf 
inf
6
0

After adding vertex 2, we get:

0
3
8
4
-4

inf
0
inf
1
7

inf
4
0
5
11

2
5
-5
0
-2

inf
inf 
inf
6
0

After adding vertex 3, we get:

0
3
8
4
-4

inf
0
inf
1
7

inf
4
0
5
11

2
-1
-5
0
-2

inf
inf 
inf
6
0

After adding vertex 4, we get:

0
3
-1
4
-4

3
0
-4
1
-1

7
4
0
5
3

2
-1
-5
0
-2

8
5 
1
6
0

Finally, after adding in the last vertex:

0
1
-3
2
-4

3
0
-4
1
-1

7
4
0
5
3

2
-1
-5
0
-2

8
5 
1
6
0

Looking at this example, we can come up with the following algorithm:

Let D1 store the matrix with the initial graph edge information. D2 will stored calculated information look at D1.

For k=1 to n {


For i=1 to n {



For j=1 to n




D2[i,j] = min(D1[i,j], D1[i,k]+D1[k,j])


}


Copy matrix D2 into D1

}

Last D2 matrix will store all the shortest paths.

In order to code this up, we could do so in a static method. We need the adjacency matrix of the graph passed into the method as a two dimensional double matrix. Then we need the auxiliary min and copy methods.

As it turns out, you do NOT need to use 2 separate matrices, even though we traced through the algorithm in that manner. The reason for this is that when we look up values in the "current matrix", we know that those values will be at least as good as the values we would have looked up in the "previous matrix." Thus, in essence, we will not be overlooking any possible shortest path.

Greedy Algorithms

A greedy algorithm is one where you take the step that seems the best at the time while executing the algorithm.

Previous Examples: Huffman coding, Minimum Spanning Tree Algorithms

Coin Changing

The goal here is to give change with the minimal number of coins as possible for a certain number of cents using 1 cent, 5 cent, 10 cent, and 25 cent coins.

The greedy algorithm is to keep on giving as many coins of the largest denomination until you the value that remains to be given is less than the value of that denomination. Then you continue to the lower denomination and repeat until you've given out the correct change.

This is the algorithm a cashier typically uses when giving out change. The text proves that this algorithm is optimal for coins of 1, 5 and 10. They use strong induction using base cases of the number of cents being 1, 2, 3, 4, 5, and 10. Another way to prove this algorithm works is as follows: Consider all combinations of giving change, ordered from highest denomination to lowest. Thus, two ways of making change for 25 cents are 1) 10, 10, 1, 1, 1, 1, 1 and 2) 10, 5, 5, 5. The key is that each larger denomination is divisible by each smaller one. Because of this, for all listings, we can always make a mapping for each coin in one list to a coin or set of coins in the other list. For our example, we have:

10

10

1 1 1 1 1
1 1 1 1 1

10

5  5

5

5

Think about why the divisibility implies that we can make such a mapping.

Now, notice that the greedy algorithm leads to a combination that always maps one coin to one or more coins in other combinations and NEVER maps more than one coin to a single coin in another combination. Thus, the number of coins given by the greedy algorithm is minimal.

This argument doesn't work for any set of coins w/o the divisibility rule. As an example, consider 1, 6 and 10 as denominations. There is no way to match up these two ways of producing 30 cents:

10
10
10

6
6
6
6
6

In general, we'll run into this problem with matching any denominations where one doesn't divide into the other evenly.

In order to show that our system works with 25 cents, an inductive proof with more cases than the one in the text is necessary. (Basically, even though a 10 doesn't divide into 25, there are no values, multiples of 25, for which it's advantageous to give a set of dimes over a set of quarters.)

Single Room Scheduling Problem

Given a single room to schedule, and a list of requests, the goal of this problem is to maximize the total number of events scheduled. Each request simply consists of the group, a start time and an end time during the day.

Here's the greedy solution:

1) Sort the requests by finish time.

2) Go through the requests in order of finish time, scheduling them in the room if the room is unoccupied at its start time.

Now, we will prove that this algorithm does indeed maximize the number of events scheduled using proof by contradiction.

Let S be the schedule determined by the algorithm above. Let S schedule k events. We will assume to the contrary, that there exists a schedule S' that has at least k+1 events scheduled.

We know that S finishes its first event at or before S'. (This is because S always schedules the first event to finish. S' can either schedule that one, or another one that ends later.) Thus, initially, S is at or ahead of S' since it has finished as many or more tasks than S' at that particular moment. (Let this moment be t1. In general, let ti be the time at which S completes its ith scheduled event. Also, let t'i be the time at which S' completes its ith scheduled event.)

We know that 

1) t'1 (  t1

2) t'k+1 < tk+1 since S' ended up scheduling at least k+1 events.

Thus there must exists a minimal value m for which

t'm < tm and this value is greater than 1, and at most k+1.

(Essentially, S' is at or behind S from the beginning and will catch up and pass S at some point...)

Since m is minimal, we know that

t'm-1 ( tm-1.

But, we know that the mth event schedule by S ends AFTER the mth event scheduled by S'. This contradicts the nature of the algorithm used to construct S. Since t'm-1 ( tm-1, we know that S will pick the first event to finish that starts after time tm-1. BUT, S' was forced to also pick some event that starts after tm-1. Since S picks the fastest finishing event, it's impossible for this choice to end AFTER S' choice, which is just as restricted. This contradicts our deduction that t'm < tm. Thus, it must be the case that our initial assumption is wrong, proving S to be optimal.

Multiple Room Scheduling (in text)

Given a set of requests with start and end times, the goal here is to schedule all events using the minimal number of rooms. Once again, a greedy algorithm will suffice:

1) Sort all the requests by start time.

2) Schedule each event in any available empty room. If no room is available, schedule the event in a new room.

We can also prove that this is optimal as follows:

Let k be the number of rooms this algorithm uses for scheduling. When the kth room is scheduled, it MUST have been the case that all k-1 rooms before it were in use. At the exact point in time that the k room gets scheduled, we have k simultaneously running events. It's impossible for any schedule to handle this type of situation with less than k rooms. Thus, the given algorithm minimizes the total number of rooms used.

Fractional Knapsack Problem

Your goal is to maximize the value of a knapsack that can hold at most W units worth of goods from a list of items I1,  I2,  ... In. Each item has two attributes:

1) A value/unit; let this be vi for item Ii.

2) Weight available; let this be wi for item Ii.

The algorithm is as follows:

1) Sort the items by value/unit.

2) Take as much as you can of the most expensive item left, moving down the sorted list. You may end up taking a fractional portion of the "last" item you take.

Consider the following example:

There are 4 lbs. of I1 available with a value of $50/lb.

There are 40 lbs. of I2 available with a value of $30/lb.

There are 25 lbs. of I3 available with a value of $40/lb.

The knapsack holds 50 lbs.

You will do the following:

1) Take 4 lbs of I1.

2) Take 25 lbs. of I3.

3) Tale 21 lbs. of I2. 

Value of knapsack = 4*50 + 25*40 + 21*30 = $1830.

Why is this maximal? Because if we were to exchange any good from the knapsack with what was left over, it is IMPOSSIBLE to make an exchange of equal weight such that the knapsack gains value. The reason for this is that all the items left have a value/lb. that is less than or equal to the value/lb. of ALL the material currently in the knapsack. At best, the trade would leave the value of the knapsack unchanged. Thus, this algorithm produces the maximal valued knapsack.

Main idea: look of string of length m in text array of length n, n>=m. 

Notation:

If the pattern is array P[1…m] and the text is T[1….n], then pattern P occurs at array T with shift s if T[s+1 …. s+m] = P[1…m]. 

For example:

T =  a a a b b b c a c b a a a a

P =        a b b b

Then P occurs in T with shift 2.

Implementations:

Naïve algorithm: “slide” the pattern (verbatim) along the array and see if there is a match.

Rabin Carp Algorithm: slide the “digest” of the pattern along the array and see if there is a match. 

Naïve String Matcher:
NaiveStringMatcher(T, P) {


n = length(T)


m = length(P)


for s = 0, n-m



if P[1…m] = T[s+1 …. s+m]




print “Pattern occurs with shift” s

}

Running time = __________________.

Exercise: write the lower level pseudocode to implement the “if” statement. 

What does this algorithm return if the pattern repeats several times in the text?

Amortized Analysis

· It is used to analyze the average time required to perform each operation involved in a sequence of data structure operation.

· Probability is NOT involved. It analyzes the average performance of each operation in the worst case.

The aggregate method

· Compute the worst-cast time
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· Ex. Stack operations
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· The worst-case time for each operation is O(n) at the first glance.

· However, the worst-case time for the sequence is also O(n), because the total # of push() and pop() is n. therefore, the amortized cost for each stack operation is O(1).

· Ex. Incrementing a binary counter.

     Starting form 0, we increments a binary counter for n times.

     The worst-case time of INCREMENT is O(k) k=logn, 

     The least significant bit  
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Therefore, the amortized cost of INCREMENT is 
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The Accounting Method

· Assign different changes to different operations. The difference between a change and actual cost is credit. 

· The total credit in the data structure never becomes negative.

E.g., Stack operations

· Actual cost

· PUSH 1

· POP  1

· MULTIPOP   min(k, s)

· Amortized cost

· PUSH 2

· POP 0

· MULTIPOP 0

· The credit is the number of plates on the stack, which is always non-negative.

E.g., Binary counter

· Actual running time: the number of bits flipped.

· Amortized cost: 

· Set a bit to 1: 2

· Set a bit to 0: 0

· Each INCREMENT sets only one bit to 1. Therefore, its amortized cost is 2.

· The credit is the number of 1’s in the counter, which is never negative.

Ex. 18.2-1, 18.2-3.

The Potential Method

· Define a potential function 
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 that maps the target data structure to a value, called potential.
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To ensure the total amortized cost is an upper bound of the total cost, we required that 
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· Ex. Stack Operations
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The amortized cost of PUSH is 
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The amortized cost of POP is
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The amortized cost of MULTIPOP is
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· Ex. Incrementing a binary counter
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Suppose initially there are 
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NP-Completeness

What is an abstract problem?

A binary relation on a set of problem instances and a set of problem solutions.

Problem instance            solution

· Def. A problem is tractable if there exists an algorithm that solves it in polynomial time in RAM machine

· Def. A decision problem is the one that returns yes/no. If an optimization problem can be solved efficiently, so can the corresponding decision problem.

· F.g The shortest path problem :

   The optimization problem :<G,u,v,
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The decision problem:<G,u,v,k>
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Does there exist a path between u and v where length is at most k?

· A computer algorithm that solves an abstract decision problem takes an encoding of a problem instance as input. An encoding is an instance of 
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· We say an algorithm solves a problem in time
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· Def. A problem is polynomial-time solvable if there exists an algorithm to solve it in at most 
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· We assume binary encoding

· Def A language L is a subset of 
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· Def A decision problem Q can be represented as a language 
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e.g.

   The decision problem PATH has the following corresponding language

    PATH
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· Def. An algorithm 
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· Def. The language accepted by an algorithm 
[image: image84.wmf]A

 is the set 
[image: image85.wmf]}

1

)

(

:

{

*

=

å

Î

=

x

A

x

L


· Def. A language
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is decided by an algorithm
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· Def. A language
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· Ex. Suppose there are n vertices in G, what is the input size of an instance of PATH?

   *assume we use adjacency matrix for representing G.

· E.g. 36.1-2

· E.g. 36.1-7 (complement) p=co-p

· Def. An Hamiltonian cycle of an undirected graph G=(V, E) is a simple cycle that contains each vertex in V.

    The formal language:

      HAM-CYCLE=
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     Brute-force approach:

· Enumerate all possible permutations of V.

· Verify if any permutation a simple cycle.

Let 
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Therefore, this algorithm is NOT polynomial time

· Def. A verification algorithm is a 2-argument A, where one argument is an ordinary input string x and the other is a binary string y called certificate. We say A verifies an input string 
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Intuition behind the verification algorithm:

A verification algorithm uses a certificate 
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· The verification algorithm of HAM-CYCLE takes polynomial time 
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· Def. A language 
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· Theorem 
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[image: image129.wmf]}

:

{

NP

L

L

Î


· Ex.36.2-1, 36.2-2, 36.2-3, 36.2-8

Reducibility

· Def. A language 
[image: image130.wmf]1

L

 is polynomial-time reducible to a language 
[image: image131.wmf]2

L

denoted 
[image: image132.wmf]2

1

L

L

p

£

, if there exists a polynomial time computable function f: 
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The algorithm F that computes f is called the reduction algorithm.

· Def. A language 
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· Def. A language 
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· If we can find the first NP-Complete problem 
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· Def. The circuit satisfiability problem (The 1st NP-Complete Given a Boolean circuit composed of problem).AND, OR, and NOT gates, does there exist a truth assignment that causes the output of the circuit to be 1. If so, this circuit is called satisfiable.

CIRCUIT-SAT={<C>:C is a satisfiable Boolean combinational circuit}

· Lemma CIRCUIT-SAT is NP

Proof. 

We can construct an algorithm A that takes an input circuit C and a truth assignment t (certificate) as the input. Note that the size of truth assignment is no more than linear to the size of c. A was t to compute c.

· Lemma CIRCUIT-SAT is NP-hard

Proof 

Let L be any language in NP. Thus there must exist an algorithm A that verifies L in polynomial time. Suppose algorithm A runs in 
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.We can construct the reduction algorithm F as follows: The input of F include an instance of L, 
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,the encoding of A, the memory and the registers. Besides, let M be the combinational circuit that implements computer hardware for one step execution. Thus 
[image: image152.wmf])

(

/

n

T

w

 sequential concatenation of M, the output of A appears at some place in memory.

    When we are inquired whether an input 
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 all input determined except 
[image: image155.wmf]y

. In their case,if F is satisfially, them 
[image: image156.wmf]x

 must be verified by A.

    We next need to show F runs in 
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· Lemma:

 If L is a language s.t. 
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Then L is NP-hard. Moreover, if  
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A Boolean formula consists of 

1. Boolean variables

2. Boolean connectives: 
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A Boolean formula is a satisfiable formula if there exists a truth assignment that satisfies their formula

SAT=
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     Therefore, 
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· Theorem SAT
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· Lemma 1 SAT
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The verification algorithm uses a truth assignment as the certificate. It verifies the formula by evaluating the expression to 1. This task is easily doable in polynomial time.

· Lemma 2 SAT
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NP-hard

We only need to show CIRCUIT_SAI
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 If seems straight forward to convert to a circuit to a Boolean variable. However , this reduction may not be polynomial due to the shared subformulas. A more clever way has to be porposed.

· Each gate is replaced by output-wire
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conjunction

· Each wire is assigned a variable 
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It is easy to see that the circuit C is satisfiable iffthe formula 
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 is satisfiable.
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